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Abstract

Marietta Galea, BSc. (Hons.)
Department of Mathematics, June 2024
University of Malta

The drawing of graphs on surfaces knows its birth in the 19th cen-
tury, mainly with the four colour problem and the Heawood map colouring
problem. The former problem claims that four colours are enough to prop-
erly colour the vertices of a planar graph (that is, in such a way that no two
adjacent vertices receive the same colour), whereas the latter one asks for
the minimum number of colours required to properly colour the vertices of
a graph which is embeddable on a higher-order surface.

A graph is embeddable on a surface if it can be drawn on that surface
without edge crossings, and we say that the graph is planar if the sur-
face used for the embedding is the sphere. There are two complementary
perspectives that can be considered when embedding graphs on surfaces,
namely fixing the graph and determining which surface allows an embed-
ding of that graph, or fixing the surface and determining whether a graph is
embeddable on that surface. In topological graph theory, we only consider
a surface which is compact and without a boundary. A surface is charac-
terised by whether it is orientable or nonorientable and by its genus. The
sphere is the orientable surface with genus 0 and is denoted by Sp. The
genus g of an orientable surface S, is the number of handles that are added
to So, whereas the genus ¢ of a nonorientable surface N; is the number of
Mobius bands (or crosscaps) that are added to Sy. For instance, the torus is
the surface S; whereas the projective plane is the surface Nj.

For a graph G, the genus of G is the smallest genus of a surface which
allows an embedding of G. More formally, a graph G has orientable genus g
if it can be embedded on an orientable surface of genus ¢ but not on an ori-
entable surface of genus ¢ — 1 (and similarly for the nonorientable genus of
a graph). Determining the (orientable and nonorientable) genus of a graph
is known to be NP-complete. A lot of work has been done to determine
the genus of various families of graphs. Two of the initial results on these
lines are given by Ringel and Youngs (1968) and by Ringel (1965), respec-

tively determining the genus of the complete graphs and of the complete



bipartite graphs. Since these initial results, other families of graphs were
investigated for their genus, including the products of graphs belonging to
the two aforementioned families.

In this dissertation we find, collate, review and analyse the main re-
sults dispersed in literature on the orientable genus of bipartite graphs, the

Cartesian product and the direct product of two or more bipartite graphs.
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Introduction

1.1 | Preliminaries

A graph G is defined as a pair (V,E), where V = V(G) is a finite non-empty
set of vertices and E = E(G) is a finite set of unordered pairs of distinct vertices
called edges. In this work we shall only consider simple graphs, which are graphs
without loops or multiple edges. The number of vertices in a graph is denoted
by n and the number of edges is denoted by m.

Vertices u and v are said to be adjacent if they are connected by an edge e =
{u,v}, sometimes denoted by e = uv for ease of notation. A vertex and an edge
are said to be incident to each other if the vertex is an endpoint of the edge. The
degree of a vertex v in a graph G, denoted by degg(v), is the number of edges
incident to it. A graph is called reqular if all of its vertices have the same degree.
The number §(G) := min{degs(v) : v € V(G)} is the minimum degree of a graph
G, whilst the number A(G) := max{degs(v) : v € V(G)} is the maximum degree
of G. Unless otherwise stated, we adopt definitions found in [4, 11, 12].

The following result describes the relationship between the sum of degrees

of vertices of a graph and the number of edges.

Lemma 1.1.1. (The Handshaking Lemma) For a graph G, with n vertices labelled
v1,02,...,0y and m edges, the following holds,

Y degc(v;) = 2m.
i=1

1



Chapter 1. Introduction 1.1. Preliminaries

A walk in G is a sequence of vertices vy, vy, ..., v;, not necessarily distinct,
such that v;v;.1 € E(G) fori € {1,...,n—1}. If v = v,, then it is referred to
as a closed walk. A path in a graph G is a walk whose vertices are all distinct.
Then, the path graph, denoted by P, is the graph whose vertex-set and edge-set
are the same as those of a path on n vertices. That is, V(P,) = {v1,v2,...,0s}
and E(P,) = {vjv;11 : i € {1,...,n —1}}. The endpoints of a path of length n
are the vertices v1 and vy, for n > 2. A cycle in a graph is a closed walk with
no repeated edges and no repeated vertices, except for the first and last vertex.
Then, a cycle graph, denoted by C,, is the graph whose vertex-set and edge-set
are the same as those of a cycle on n vertices. Therefore, V(Cy,) = {v1,v2,...,0n}
and E(C,) = {v;jv;j11 : i € {1,...n} under addition modulo n}. A graph is said
to be connected if there is a path between every pair of vertices.

If G and H are graphs with V(H) C V(G) and E(H) C E(G), then H is a
subgraph of G. Moreover, if V(H) = V(G), then H is called a spanning subgraph
of G. The subgraph (S) induced by a non-empty set S of vertices of G is the
subgraph whose vertex-set is S and whose edge-set consists of all those edges of
G that join two vertices in S. The deletion of a vertex v in a graph G, denoted by
G — v, is the subgraph obtained by removing v and all of its incident edges. In
general, if S is some set of vertices in G, then G — S is the graph obtained from G
by deleting all the vertices in S and their incident edges. Similarly, the deletion of
an edge e is the subgraph G — e. Then, for any set of edges X, G — X is the graph
obtained from G by deleting all the edges in X.

A (connected) component of a graph G is a connected subgraph H such that
no subgraph of G that properly contains H is connected. Alternatively, a com-
ponent is a maximal connected subgraph. A vertex v of G is a cut-vertex if G — v
has more components than G. A block of a graph is a maximally connected sub-
graph of G with no cut-vertex. Note that any two blocks of G have at most one
vertex in common.

A complete graph, denoted by K, is a graph on n vertices with all the vertices
being pairwise adjacent. A clique of a graph G is a maximal complete subgraph.

A bipartite graph is a graph whose vertex set can be partitioned into two non-
empty subsets such that no two vertices in the same subset are connected by an

edge. The two subsets are referred to as partite sets. Bipartite graphs are charac-

2



Chapter 1. Introduction 1.1. Preliminaries

terised by having no odd cycles. A complete bipartite graph, denoted by K, is a
bipartite graph where each vertex from the partite set with r vertices is adjacent
to all the vertices in the other partite set with s vertices. A multipartite graph,
also referred to as a k-partite graph, consists of k disjoint non-empty sets of ver-
tices such that vertices in the same set are not adjacent. A complete k-partite graph,
denoted by Ky, ,,..,, is a k-partite graph whose partite sets have ry, 7o, ..., 7y ver-
tices, respectively, such that every vertex in one partite set is adjacent to all the
vertices in the other k — 1 partite sets. If all the k partite sets have order r, then
the graph is denoted by K ).

There are two operations that are important in topological graph theory,
namely the subdivision of an edge and the contraction of an edge. The subdi-
vision of an edge e = vw in a graph G replaces e by a new vertex u and adds two
new edges vu and uw. A graph G is said to be a subdivision of a graph H either if
G = H or if G can be obtained from H by a sequence of edge subdivisions. Two
graphs G and H are said to be homeomorphic if there is a graph G from which each
of G and H can be obtained by a sequence (possibly empty) of subdivisions.

For an edge e = uv of a graph G, the contraction of the edge e identifies its
endpoints u and v by keeping the old adjacencies and removing the self-loop
from u = v to itself. When a graph H can be obtained from another graph G by
a sequence of vertex-deletions, edge-deletions and edge-contractions, then H is
a minor of G. Particularly, if H is a minor of G such that H # G, then H is a proper
minor of G. Moreover, the following theorem shows that there is a relationship
between subdivisions and minors of a graph.

Theorem 1.1.2. If a graph G is a subdivision of a graph H, then H is a minor of G.

Let G and H be two graphs with disjoint vertex-sets V(G) = {v1,v,...,0n}
and V(H) = {wj,wy, ..., wy} respectively. The Cartesian product of G and H,
denoted by GLIH, has vertex-set V(G) x V(H). Two vertices (v;, w;) and (v;, w;)
are adjacent in GUH if either v; = v; and w; is adjacent to w; in H or w; = w; and
v; is adjacent to v; in G. The direct product of G and H, denoted by G x H, has
V(G) x V(H) as its vertex-set and two vertices (v;, w;) and (v, w;) are adjacent
in G x H if v; is adjacent to v; in G and w; is adjacent to w; in H. In literature, the

direct product is also referred to as the Kronecker product, the tensor product,
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Chapter 1. Introduction 1.2. Introductory Concepts

the categorical product and the conjunction of two graphs. In Figure 1.1 we give
an example of the Cartesian product and direct product of the graphs C4 and P;.

N

C4E| P3 C4 X P3

Figure 1.1: The Cartesian Product C4 L1 P5 (left) and the direct product C4 x P3
(right)

1.2 | Introductory Concepts

The problem of embedding graphs on surfaces other than the sphere dates back
to the "Map Colour Conjecture” due to Heawood in 1890 [14]. This conjec-
ture, which is now a well-known result, establishes a formula for the number
of colours required to draw a graph on a surface of genus g. The problem of
determining the minimum genus of a graph has been proved to be substantially
difficult. Thomassen in [24] showed that determining the minimum genus of a
graph is NP-Hard, whilst determining whether an n vertex graph can be embed-
ded on a surface of genus g is NP-Complete.

We now provide further definitions on graphs specifically related to surfaces
and embeddings which have been adapted from [11, 12].
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1.2.1 | Surfaces

In topological graph theory, the surfaces under consideration are closed, that is,
compact and without a boundary. For this reason, the plane is not a surface since
it is not compact. Surfaces can be of two types, orientable or non-orientable. The
sphere Sy is the first orientable surface from which other orientable surfaces are
obtained. By cutting two holes in Sy and attaching a handle from one hole to the
other produces the torus, denoted by S;. Repeating this process again yields the
double torus, denoted by S,. Thus, cutting 2¢ holes in Sp and attaching ¢ handles
to the sphere Sy in the manner described above yields the orientable surface S,.

The Mobius band is obtained by giving a rectangle a half-twist and then past-
ing the right side to the left. Note that the Mobius band is not a surface since it
has a boundary, hence, it is not closed. To obtain the first non-orientable surface,
we cut a hole in a sphere and attach a Mobius band, also referred to as crosscap,
along the boundary of the hole in the sphere. This surface is called the projective
plane and is denoted by N;. Adding two Md&bius bands to a sphere yields the
Klein bottle, denoted by N,. In general, a non-orientable surface Ng is obtained by
cutting ¢ holes in the sphere and attaching a Mobius band to each one.

The genus of an orientable surface Sy is the number ¢ of handles, whilst the
non-orientable genus of a non-orientable surface Ny is the number ¢ of crosscaps.

1.2.2 | Embeddings

A graph may be embedded on a surface other than the sphere, such as the sur-
faces mentioned above. In this case, an embedding of a graph G on a surface S is
a continuous function f : G — S that maps G homeomorphically to its image
f(G). Intuitively, an embedding is a drawing of a graph on a surface such that
no two edges cross each other. Whilst the plane is not a closed surface, it is topo-
logically equivalent to the sphere Sy with the point (0,0,1) removed. Therefore,
a graph can be embedded in the plane if and only if it can be embedded on the
sphere. If a graph can be drawn in the plane without any two of its edges cross-
ing, then it is referred to as a planar graph, whilst its image is the plane graph. The
connected components of the complement of the image of an embedded graph
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are called faces. The size of a face is the number of edges bordering it. There is
a well-known result, which was established by Euler for planar graphs, relat-
ing the number of vertices, edges and faces of a graph as stated in the theorem

below.

Theorem 1.2.1. (Euler’s Formula) A connected, plane graph with n vertices, m edges
and f faces satisfies the following,

n+f—m=2.
As aresult, if the graph is disconnected, then Euler’s Formula changes slightly.

Theorem 1.2.2. A disconnected plane graph with n vertices, m edges, f faces and k
components satisfies the following,

n+f—m=1+k.

The next theorem is a fundamental graph theory result as it describes a nec-
essary and sufficient condition for the non-planarity of a graph.

Theorem 1.2.3. (Kuratowski’s Theorem) [17] A graph G is planar if and only if G
contains no subgraph that is a subdivision of Ks or K3 3.

Such a characterisation is crucial when working in topological graph theory
because it offers a clear and comprehensive criterion for identifying non-planar

graphs. A similar result is credited to Wagner as a consequence of Theorem 1.1.2.

Theorem 1.2.4. (Wagner’s Theorem) A graph G is planar if and only if G does not
contain Ks or K3 3 as a minor.

An embedding of a graph is a 2-cell embedding if the interior of each face is
homeomorphic to an open disk. The orientable genus of a graph G, denoted by
g(G) or g, is the smallest number of handles g of a surface Sy such that G can be
embedded on Sg. In other words, a graph that can be embedded on an orientable
surface of genus g but not on one of genus ¢ — 1 is called a graph of orientable
genus g, sometimes also referred to as the minimum genus. From now onwards,

the orientable genus will be simply referred to as the genus. An embedding of
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Chapter 1. Introduction 1.2. Introductory Concepts

a graph G of genus ¢ on the surface S is called a minimal embedding. Youngs in
[30] states that an embedding on a surface is a maximal embedding if no alternative
embedding on the same surface has more components in the complement of the
embedded graph. He proves that an embedding of a graph G is minimal if and
only if it is a maximal 2-cell embedding. Thus, since in this dissertation we
are concerned with minimal embeddings, we shall only be considering 2-cell
embeddings.

Similarly, a graph that can be embedded without crossings on a non-orientable
surface of genus g but not on one of genus § — 1 is called a graph of non-orientable
genus g, sometimes also referred to as the minimum non-orientable genus. The
minimum non-orientable genus embedding of a graph G is an embedding of G into
a closed surface of minimum non-orientable genus.

In this study, only orientable surfaces and the orientable genus of a graph
will be considered.

When the number of handles added to the sphere is relatively small, it may
be useful to consider the surface flattened into a polygon. For an orientable sur-
face S, take a 4¢-gon and identify its sides according to the pattern aq, B, L By L Ao, B, ¢
Figure 1.2 illustrates the flattenings for the torus and double-torus.

b1 a1 B2
ﬁl %)
5] el
01 152
B1 B1 a
(a) (b)

Figure 1.2: (a): Flattening for the torus, (b): Flattening for the double-torus

The Handshaking Lemma, found in Lemma 1.1.1, can be described in terms
of the sizes of faces in an embedding of a graph rather than the degrees of the

vertices.

Theorem 1.2.5. For a graph G with m edges and with a 2-cell embedding on a surface
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S¢ with k faces labelled f1, f>, ..., fi, the following holds,

k
om =) _Ifil,
i=1
where | f;| denotes the size of the face f;.

Euler’s Formula, found in Theorem 1.2.1, is generalised to graphs that are

embedded on surfaces other than the plane.

Theorem 1.2.6. (Generalised Euler’s Formula) Let G be a connected graph with n ver-
tices and m edges. Consider a 2-cell embedding of G on an orientable surface Sq with
genus g, resulting in f faces. Then,

n+f—-—m=2-2g.
The following result was proved by J.W.T Youngs in [30].

Theorem 1.2.7. [30] Every embedding of a connected graph G of genus g on Sq, where
g > 0, is a 2-cell embedding.

Using Theorem 1.2.6 and Theorem 1.2.7, we are in a position to state the
following result.

Corollary 1.2.8. Let G be a connected graph with n vertices and m edges that is embed-
ded on an orientable surface of genus g(G), resulting in f faces. Then,

n+f—m=2-29(G).

Such a result is highly useful when we need to establish the genus of a graph
after establishing the number of faces in an embedding of G on S,. If the sizes
of the faces of the 2-cell embedding of the graph in consideration are known,
then, Theorem 1.2.5 is applied to determine the number of faces. For the case
when each face has size three, the embedding is referred to as a triangular embed-
ding, whilst when each face has size four, the embedding is called a quadrilateral
embedding.

Note that a disconnected graph has no 2-cell embedding and for an embed-
ding of a graph G on a surface S, to be a 2-cell embedding, every handle must
carry at least an edge of G. The next lemma is an application of the Generalised

Euler’s Formula for the case when a graph has minimum degree at least three.

8



Chapter 1. Introduction 1.2. Introductory Concepts

Lemma 1.2.9. [29] Let G be a connected graph having minimum degree at least three,
which is minimally embedded on an orientable surface of genus g. Let f be the number
of faces of this embedding, f; and n; be the number of i-sided faces and vertices of degree
i, respectively. Then,

m 1 .
g(G) =1——+2) (i=3)(fi+m)
6 6
i>3

Proof. We apply Generalised Euler’s Formula found in Theorem 1.2.6. Since G
has minimum degree at least three, then each face is bounded by at least three
edges. Note that f =} ;>3 f;,n = };>3n;and 2m = ) ;~5in; = ) ;>3if;. Hence,
multiplying the equation Corollary 1.2.8 by three and substituting the above

relations, we get:

63(G) =6 —3n—3f +3m
=6-3) n;—3) fi+4m—m

i>3 i>3
:6—3Z(ni+fi)+2(in,-+ifi)—m
>3 i>3
=6-) (i—-3)(ni+fi)—m
i>3
Hence, the result follows. 0

Another well-known result establishes the genus of graphs with k blocks,
as seen in the next theorem. The proof is quite technical and hence it is being

ommitted here.

Theorem 1.2.10. [15] If G is a connected graph having having k blocks, By, ..., By,
then g(G) = L, 8(B)

If G is not connected, then suppose it has kK components. We can form a
connected graph H from G such that H has one new vertex which is connected
to a vertex from each of the k components from G. The blocks of H are the
components of G along with these k edges, however, the insertion of these new
edges does not affect the genus. As a consequence, we have the following two
corollaries about the genus of a graph with several components.

9
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Corollary 1.2.11. [15] The genus of a graph (connected or not) is the sum of the genera
of its blocks.

Corollary 1.2.12. [15] The genus of a graph is the sum of the genera of its components.

Therefore, even though a disconnected graph cannot have a 2-cell embed-
ding, its components can be embedded on separate surfaces and the genus of
the graph is the sum of the genera of the surfaces the components are embed-
ded on.

1.2.3 | Crossing Numbers
Let G be a graph. Then a good drawing of G is one in which:
m No edge crosses itself.

B Any two edges have at most one point in common, which can either be a

crossing or a vertex.
®m No three edges have a common point other than a vertex.

An optimal drawing of G is a good drawing exhibiting the least number of cross-
ings. The crossing number of G, denoted by v(G), is the number of crossings in
an optimal drawing. The genus of a graph and the crossing number of a graph

are related to each other as follows.

Theorem 1.2.13. For a graph G, the genus of G is at most its crossing number, that is
8(G) <v(G).

Intuitively, we start from an optimal drawing of the graph G on the plane
and for each crossing, a handle is introduced. However, a handle might be able
to resolve more than one crossing, hence, the inequality is established. We note
that v(G) = 0 if and only if G is planar and v(Ks5) = v(K33) = 1.

Since inserting vertices of degree two does not affect the crossing number,

the next result follows immediately.

Theorem 1.2.14. If two graphs G and H are homeomorphic, then v(G) = v(H).

10



Chapter 1. Introduction 1.3. Overview

1.3 | Overview

In Chapter 2 we shall establish the genus of one of the most popular bipartite
graphs, namely, the complete bipartite graph K, ;. Here, we introduce current
graphs, that serve as the main tool in Ringel’s proof that established the genus
of Kp 4.

In Chapter 3, we look at general results on the Cartesian product of bipartite
graphs. Then, we establish the genus of several families of the Cartesian product
of bipartite graphs involving cycles, paths, the complete graph Kj, 5, and their
repeated Cartesian products.

In Chapter 4, we consider another type of graph product, namely the direct
product of two graphs. This is then extended to the repeated direct product
of graphs, and the genus of some families of repeated direct product graphs is
established, involving cycles, paths, the j-cube and the complete bipartite graph.

We conclude in Chapter 5 by reviewing the most important results of this
study. We present some results concerning the genus of other families of graphs,
including other products of graphs, and put forward two open problems.

We note that some results in Chapter 3 are new and have been submitted to
be considered for eventual publication in a peer-reviewed journal [9] (refer to
Appendix). In particular, these include Theorem 3.2.8, Theorem 3.2.10, Corol-
lary 3.2.11, Theorem 3.5.7, Theorem 3.5.8, Theorem 3.5.9 and Theorem 3.5.10.
Moreover, another original result establishing the genus of K; 3 [J P, 4, found
in Lemma 3.6.2, was proved in the course of obtaining the crossing number of
Ki3 O P41 on any surface S. The corresponding paper is in its final writing
stage. We also note that we give original proofs to some known results, includ-

ing Proposition 3.1.6, Lemma 3.4.1, Lemma 3.5.3 and Lemma 4.1.1.

11



The Genus of K,

This chapter takes into consideration the genus of a well-known family of graphs,
namely the complete bipartite graphs. This result was first proved by Ringel
in 1965 [21], and was later proved from a different perspective by Bouchet [3].
The following is the formula used to compute the genus of a complete bipartite
graph K, 5.

Theorem 2.0.1. [3, 21] The genus of the complete bipartite graph K, 4 is given by

s = [27220-2]

In the subsequent section, we delve into a more specific category of complete
bipartite graphs, specifically, those characterized by partite sets of equal and

even size.

2.1 | Quadrilateral Embeddings

We now consider an instance of a complete bipartite graph where the partite sets

are of equal and even size.

Example 2.1.1. Consider the graph Ky 4 and call its partite sets A and B. Label the
vertices in A and B such that A = {1,2,3,4} and B = {5,6,7,8}. Define the following

12



Chapter 2. The Genus of K, ;

2.1. Quadrilateral Embeddings

permutations on the vertices of Ky 4:

—P;=(5678),
Pz_P4_(8765),
P5_P7_(1234),

=Py = (4321).

(2.1)

Let W = {(a,b) : {a,b} € E(Kya)} be the set of ordered pairs on the vertices of Ky 4
andlet P : W — W be defined by P((a,b)) = (b, Py(a)). Using (2.1), the orbits formed

under P are given by:

$1=1{(1,5),(52),(2,8),
2 ={(1,6),(6,4),(4,5),
S5 ={(1,7),(7,2),(2,6),
54=1{(1,8),(8,4),(47),
55 = {(2,5),(5,3),(3,6)
S6 =1{(27),(7,3),(3,8),
§7=1{(3,5),(54),(48),
Ss ={(3,7),(7.4), (4,6),

e
NatRaatha st

(2.2)

N— N~— ~— ~— N— S~— N~— N—
~ ~ ~

—

QD W NN NN PR R, =

Let the class C be the collection of sets of orbits under P, that is, the elements of C are
the setsin (2.2). Fori =1,...,8, the class C has the following properties:

1. each element of S; occurs in exactly two sets of C,

2. no proper subclass of C has property (1) and

3. each S; is cyclically ordered.

It is a result of Edmonds [6] that when a class of sets has the properties men-

tioned in Example 2.1.1, that class is a representation for a topologically uniquely

oriented polyhedron.

Theorem 2.1.2. [6] A class of sets with the following properties:

1. every element of these sets occurs exactly twice,

13
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2. no proper subclass of the class has property (1), that is, every element occurring

once in a set of the subclass does not occur twice in sets of the subclass,
3. the sets of the class are cyclically ordered

is a representation for a topologically uniquely oriented polyhedral surface (polyhedron)
where the sets of the class correspond to its vertices and the distinct elements correspond
to its edges. Every oriented polyhedral surface has such a representation.

The proof of this theorem is omitted as it is goes beyond the scope of our
study.
We now derive a formula for the genus of any bipartite graph which has a

quadrilateral embedding.

Proposition 2.1.3. If the bipartite graph G with n vertices and m edges has a quadri-
lateral embedding, then that embedding is minimal and g(G) =1+ 5 — 2.

Proof. Since G is bipartite, the smallest possible number of edges that can border
a face is four, implying that a quadrilateral embedding of G is minimal. There-
fore, by double-counting, 4f = 2m. Substituting this value in Corollary 1.2.8, we

get
28(G)=24+m—n—f
= 2¢(G) :2+m—n—%
m n
= g(G) =1+ Z - E
Therefore, the result follows. O

From Example 2.1.1, each set given in (2.2) corresponds to a quadrilateral
face of Ky4, totalling to eight quadrilateral faces. These can be partitioned into

four subsets of two faces each as follows:

Ay = {51, Ss}
Ar = {52, 56} 2.3)
As = {S3,S7}
Ay = {54,55}

14
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Note that each set in (2.3) contains all eight vertices of K4 4. The approach used
above for Ky 4 can be generalised for Ky, 2,7 > 2 as shown in Remark 2.1.4 and
Lemma 2.1.5.

Remark 2.1.4. We first describe a quadrilateral embedding for Ky, 5, given by Ringel
[21] (also found in [28, 30]) that yields the required value of the genus. Label the vertex
set of Koy or by V(Ko o) = {1, ...,4r}, with the adjacencies at vertex i given by

) {j:2m+1<j<4r}, for1<i<2r,
NKZr,Zr(Z): . . .
{j:1<j<2r}, for2r+1 <i<4r.

Define the cyclic permutations P; : Nk, ,, (i) — Nk,,,, (i), fori =1,...,4r by:

Pi,DPs,..., Py (2r+12r+2 ... 4r),
Po,Py,..., Py (4rdr—1...2r+1),
Porit, Poriay o Py (12 ... 27),
Porio, Poyiayo o, Poy i (2r2r —1 ... 1).

(2.4)

By Theorem 2.1.2, the collection of permutations described above uniquely deter-
mines a 2-cell embedding of Ky, o, on an orientable surface, once an orientation on the
edges is chosen. Therefore, let (a,b) represent the directed edge from vertex a to vertex
b, corresponding to the edge {a,b} in E(Kyr2,). Define the set of all directed edges
of Kopor as W = {(a,b) : {a,b} € E(Ky )} and let P : W — W be defined by
P((a,b)) = (b,Py(a)). Then, the orbits under P correspond to 2-cell faces of the em-
bedding. Note that for r > 2, the number of quadrilateral faces is 2r? because every pair
of edges incident to a vertex is in a face of Ky, o, Thus, each vertex is in r faces and
since one partite set covers all the faces in the embedding, there are 2r.r = 2r? faces.
Therefore, by Proposition 2.1.3 we get that:

2
§(Karpr) =1+ % - 4;
= g(Korpr) =1+71> = 2r

= g(Karr) = (r— 1)

This coincides with the value of the genus given in Theorem 2.0.1. We note that the case
when r = 1 produces only one face and hence the above construction cannot be used. In

15
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this case, we have that Kpo = Cy, therefore, g(Cs) = 0, which conforms to the result

above.

The following lemma shows that there is a partition of the quadrilateral faces

for Ky, 2, such that each subset of the partition covers all the vertices of the graph.

Lemma 2.1.5. [28] For the embedding of Ky oy, for r > 2 given in Remark 2.1.4, the
2r? quadrilateral faces can be partitioned into 2r subsets of r faces each, such that each

subset contains all 4r vertices of the graph.

Proof. The orbits under the permutation P as defined above using permutations

P;, for 1 <i < 4r, are given by:

{2¢—1,2h—1,2¢,2h —2:1<g<r,r+1<h<2r},
{2¢—1,2h—1,2¢,4r: 1 < g<r,h=r+1},
{2j,2k—1,2j+ 1,2k :r+1<k<2r1<j<r},
{2/,2k—1,1,2k : r+1 <k <2r,j=r}.

(2.5)

Since an orbit corresponds to a quadrilateral face, the number of faces in a
quadrilateral embedding is 2r2. This follows from (2.5) since the first and third
sets generate r(2r — r — 1) = r?> — r faces each whilst the second and fourth sets
generate r faces each, thus, summing them up gives 2r2. Now, these faces are
partitioned into 2r subsets as follows. Fix i, the r faces in subset 2i — 1 are es-
tablished by selecting h = r + ¢ +i, with 1 < ¢ < r, where in (g + i) modulo
r, r is written instead of 0. The r faces of subset 2i are established by selecting
k=m+j+i forl < j < r, again taking (j + i) modulo r, where r is writ-
ten instead of 0. As i runs from 1 to r, we obtain 2r sets in total, each having r
faces. The sets are mutually disjoint by the way they were chosen from the orbits

above. Also, each set containing r faces has all 4r vertices of the graph. O

Remark 2.1.6. When r = 1 in Lemma 2.1.5, the two orbits obtained are {1,3,2,4}
and {2,3,1,4}, which describe the same face. This is a contradiction to the statement
of Lemma 2.1.5, as the orbits should be mutually disjoint, that is, they describe different

faces.
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Refer to Example 2.1.1 for an instance of the construction given in Remark
2.1.4, where the cyclic permutations from (2.4) are given by (2.1) and the orbits

in (2.5) are given by the unique elements of the sets in (2.2).

2.2 | The Proof by G. Ringel

The problem of finding the genus of the complete bipartite graph is divided into
several sub-problems, arising from the congruence classes of the formula in The-
orem 2.0.1. Ringel was the first to establish the genus by using current graphs
to describe an embedding for some values of p and g. We first give a brief de-
scription of current graphs, along with some examples and preliminary results.
These findings will then be employed to establish the genus of the complete
bipartite graph.

2.2.1 | The Face-Tracing Algorithm

The definitions in this section are taken from A Handbook of Graph Theory’
edited by Gross, Yellen and Zhang [12]. Whilst so far we have considered a
graph to be the pair (V, E), it can also be seen as a combinatorial structure (V, E)

together with a ground set S as follows:
B The elements in the set S are referred to as half-edges,

B [ is a partition of S into pairs, such that each half-edge is paired with its
counterpart, that is, the other half of the same edge,

m V is a partition of the half-edges according to the vertex at which they are

incident.

The partition E can be seen as the set of orbits of an involution 7. Then, a rotation
at a vertex v is an ordered list of the half-edges incident to v. A half-edge can
only be assigned one of two orientation types, one of which is referred to as
the plus direction whilst the other is referred to as the reverse direction. The

surface rotation at a vertex v of a graph embedding is the cyclic ordering of the

17
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half-edges at v on the surface. If this surface is orientable, this ordering is taken
to be consistent with the orientation.

A global rotation, also called a rotation system, on a graph is an assignment
of a rotation to each vertex. Thus, we have a permutation p on the set of half-
edges whose orbits are the rotations at the vertices. The global surface rotation of
an embedded graph is the set of surface rotations at all the vertices. The induced
embedding of a global rotation p on a graph G is an embedding of G whose global
surface rotation is p.

A face tracing for a global rotation on a graph is a list of the boundary walks
of the faces of an induced embedding. The signature of a graph G = (V,E) is a
subset A of E whose edges are called switches. They represent the edges whose
traversal switches the sense of orientation in an embedding. Therefore, a gener-
alised rotation is a pair (p, A) of a global rotation and a signature.

The Face-Tracing algorithm is used to produce a list of all the face-boundaries
of an induced embedding, as seen in Algorithm 1.

Algorithm 1: The Face-Tracing Algorithm [12]

Input: List of half-edges E, involution T, rotation p
Output: A list of face-boundaries of an induced embedding
Initialisation: Mark all the half-edges in E as unused

while any unused half-edges remain do
Choose the next unused half-edge y from E

Start a new cycle by writing "("
X:=y
while x # y do

Write x in the current cycle

x = p(7(x)) // Choose the next half-edge
end
Close the current cycle by writing ")"

end

We note that the rotation p given as input is a global rotation, which is dif-
terent from a generalised rotation. In the latter case, the algorithm found in [11]
is a modification of Algorithm 1 as it accounts for those edges that switch the

orientation in an embedding.
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2.2.2 | A Brief Introduction to Current Graphs

By G — S, we denote the embedding of a graph G on an orientable surface
S. Let G be a directed graph, with E(G) denoting the set of directed edges,
where edges with a plus direction are denoted by e and edges with the reverse
direction are denoted by e~. Let B be a finite group. Then, an ordinary current
assignment is a function B : E(G) — B from the set of directed edges of G to the
finite group B such that for every directed edge e € E(G), B(e~) = (B(e™)) .
The values assigned by B are called currents whilst B is referred to as the current
group. Therefore, a current graph is the pair (G — S, B).

Let F(G) denote the set of faces of a current graph (G — S,B). A derived
graph Gg has vertex set F(G) x B and edge set E(G) x B. Therefore, the faces of
the current graph correspond to the vertices of the derived graph. Fore € E(G),
f € F(G) and b € B, the vertices and derived edges of a derived graph Gg
are denoted by (f,b) and (e, b) respectively. A derived edge (e, b) is given the
plus direction if it has source vertex (f,b) and terminal vertex (g, bc), where
B(et) = c and the rotation at the initial vertex of the edge e™ carries face f to
face g. Such an edge is denoted by (e, b)* or by (e™,b). Similarly, an edge with a
reverse direction, denoted by (e, b) ~, goes from vertex (g, bc) to (f,b). However,

note that the derived edge (e~,b) has source vertex (g,b) and terminal vertex

(f,bc71).
Remark 2.2.1. The rotation system for Gg is obtained from G — S as follows. If

the boundary walk of a face f is given by ej'e;*...e", then, the rotation at vertex
(f,b) is given by (e1,b1)¢'(ep,bp)%2 ... (en, bn)", where b; = b if e; = + and b; =
bp(e; ) ife; = —. For brevity, the rotation may be denoted by (e}',b) (52, b) ... (&5, b).
Note that the rotation at a vertex (f,ab) is simply the rotation (f,b) with the second

coordinates multiplied on the left by a.

The following is a result by Gross and Alpert that establishes the number of
faces in an embedding of a derived graph.

Theorem 2.2.2. [10] Let €', €32, . . . ;" be the rotation at vertex v of the current graph
(G — S, B) and let c; be the current carried by the edge e; that has v as its initial vertex.
Let ¢ = cj...cy, and let v be the order of c in I3. Then the derived embedding has ‘—f'
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faces corresponding to vertex v, each of size rn and each of the form

(el', b), (€5, ber), (€51, beica), . .., (ent, berea . .. cpn)

(e!, be), (&5, beer), (3!, beerea), . . ., (et beerca - .. cpq)

(&1, bc") = (e51,D).

An important law in the theory of current graphs is the Kirchoff Current
Law (KCL), which states that the sum of currents in an Abelian group is the
group identity. When the group is non-Abelian, the product of currents is used
instead. Note that the product c;...c, in Theorem 2.2.2 is referred to as the
excess current at a vertex v. Hence, the KCL holds at a vertex v if the excess
current is the identity of B.

Example 2.2.3. Consider the current graph (G — So, B), with current group Zs,
given in Figure 2.1. Let e denote the edge (v;, vi+1), for i € {1,2,3}. Here, the graph

Figure 2.1: Current Graph G

is planar and the embedding G — Sq only has one face, denoted by f, whose boundary
walk for f is given by e} e e5 e; ey e; .

By definition, the vertex set of the derived graph, Gg, is {(f,0), (f,1), (f,2), (f,3), (f,4)}.
By Remark 2.2.1, the rotation at vertex (f,0) is (e1,0) ™ (e2,0) ™ (e3,0) " (e3,2) ~ (e2,3) " (e1,4) .
For example, the derived edge (e3,2)~ corresponds to the edge e, from the boundary
walk of f, where 2 = 0+ B(e3) = (B(e3)) ™, by Remark 2.2.1 and by the definition
of the ordinary current assignment. These edges are all adjacent to (f,0) in Gg, how-
ever, two of the edges listed turn out to be repeated. Consider the edges (e,0)" and
(e3,2)~. The initial vertex of (ep,0)" and (e3,2)~ is (f,0) whilst their terminal vertex
is (f,2). Note that, by definition, (e3,2)~ has terminal vertex (f,2) and initial vertex
(f, (2+ B(eg))) which reduces to (f,0) since addition is under modulo 5. The derived
edges (e3,0)" and (ep, 3) ™ also represent the same edge, hence, the rotation at (f,0) has

exactly four unique edges. The rotation at (f,0) is represented pictorially in Figure 2.2.
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This process is repeated for all the other four vertices, which would result in the complete

graph Ks.

(f,3) (f4)

Figure 2.2: Rotation at vertex (f,0) in Gg

2.2.3 | An Application of Current Graphs

We employ Theorem 2.2.2 to derive a quadrilateral embedding of K, 4, for the

case when p and g are both even.

Lemma 2.2.4. [11] The complete bipartite graph K, ,, where p and q are both even
integers, has a quadrilateral embedding.

Proof. Consider the current graph G on p vertices given in Figure 2.3, with cur-
rents given from the cyclic group Z,. All the edges in G are assigned the current
one, with the directions of the edges alternating between the positive and re-
verse orientation.

By applying the Face Tracing Algorithm to G, we note that there are only
two faces generated by this current graph, denoted by f and g. Let ¢; denote
the edge connecting vertex v; to v;11. The boundary walk for f is given by
€16, €3ey es5eg ... €, whilst the one for g is given by eses ese; exe;ep...e,. We
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U3

1 o

Figure 2.3: Current Graph on p vertices with currents in Z, [11]

assign a rotation to each vertex in G in such a way that the edge listed first
occurs in face f, and the edge following it occurs in face g.

The vertex-set of the derived graph Gy is {(f,i) : i € Z;} U{(g,i) : i € Z}.
Consider the vertex (f,0) in V(Gg). By Remark 2.2.1, the rotation at (f,0) is
given by

(e1,0)(e2, g — 1) (e3,0) " (ea, g — 1) ... (ep, g —1)".

The first edge in this rotation has source vertex (f,0) and terminal vertex (g, 1)
as the rotation at v; carries face f to face g. The edge (e;, 4 — 1)~ has source
vertex (g,0) and terminal vertex (f,q — 1). The rest of the edges in the rotation
at (f,0) are repeated since edges of the form (e;,0)" will always have source
vertex (f,0) and terminal vertex (g, 1) by the way rotations on the vertices of G
were fixed and due to the current assigned to an edge always being one. Fur-
thermore, edges of the form (e;,q — 1)~ always have source vertex (g,0) and
terminal vertex (f,q — 1) by definition of edges in a derived graph. Extending
this to other vertices in V(Gg), we note that there is an edge between (f, i) and
(¢i+1) forall0 < i < g—1 and there are no other edges. Therefore, the
derived graph has two components, where the vertex-set of one component is

{(f,i) :ieven} U{(g,j) : j odd}. Each vertex vy of the current graph has excess
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current +2 and thus has order { in Z,. By Theorem 2.2.2, the derived embed-
ding has two faces corresponding to v, and since vy has exactly two neighbours,
each face is bordered by g edges. We note that one face traverses the vertices
form one component, whilst the other face passes through the vertices in the
other component. Thus, 2p faces are present in the derived graph, all of which
being g-gons.

From faces corresponding to one component, we add a vertex w inside each
g-gon and add edges joining w to the g original vertices. Then, we delete all
the original edges. The resulting graph is the complete bipartite graph K, ; and
every face of the resulting embedding is a quadrilateral. O

A similar argument is used to construct a quadrilateral embedding for the

complete bipartite graph when p is odd and g = 2 mod 4.

Lemma 2.2.5. [11] The complete bipartite graph Ky, 4, where p is an odd integer and
q = 2 mod 4, has a quadrilateral embedding.

Proof. Consider the current graph G given in Figure 2.4. G is on p vertices and
currents are assigned from the group Z,. Let e¢; denote the edge connecting ver-
tex v; to v;;1. The orientation of the edges is alternating between positive and
reverse, however, since p is odd, the edge between v,,_1 and v, is given the same
orientation as the edge (v,_1,v,_2) as illustrated in Figure 2.4. All edges are as-
signed current 1, except for edge (v, v,—1) which is assigned current 3. From the
Face Tracing Algorithm, the current graph generates two faces, f and g, whose
boundary walks are given by e e ey ...e, ,e, ¢y and efe e, je) 5...e5e;
respectively.

All vertices in this current graph have excess current 1-2, therefore, they have
order %. By Theorem 2.2.2, all vertices generate two faces of size 4. In each case,
there is a face that passes through one component and another face that passes
through the vertices of the other component. Thus, we place a vertex w inside
each face that passes through the first component, we add edges joining that
vertex to the original vertices then we delete the original edges. This results in
the complete bipartite graph K, ; with all the faces being quadrilateral.

O]
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T s

Figure 2.4: Current Graph on p vertices with currents in Z,, with p odd [11]
For the remaining cases, constructions are given to construct an embedding
with the required genus.

Theorem 2.2.6. [11, 21] The genus of the complete bipartite graph K, ;, where p and q
are positive integers, is given by

¢(Kpy) = {(P - 2)4(61 - 2)} '

Proof. The quadrilateral embeddings for the cases when p and g are both even
and when p is odd and 4 = 2 mod 4 are given by Lemma 2.2.4 and Lemma 2.2.5,
respectively. By Proposition 2.1.3, the genus of K, ; in both of these cases is given
by
§(Kpq) =1+ % - pTJrq
_4tpg—29-2p
4
(1-2)(p-2)
4

Consider the case when p = 3mod4 and 4 = 1 mod 4. Then K, 1, has

a quadrilateral embedding since g is odd and p —1 = 2mod 4. In such an

24



Chapter 2. The Genus of K, ; 2.2. The Proof by G. Ringel

embedding, there is a vertex v in the partite set of size p — 1 forming part of g
quadrilateral faces, as shown in figure Figure 2.5.

ol
AN

Figure 2.5: Splitting a vertex u in K}, 14

The vertex u is split in two vertices, v and w, and both are connected to the
nearest half of the surrounding g vertices, as illustrated in Figure 2.5. To com-
plete the embedding of Ky, 5, there are some edges left to connect. Note that the

embedding for K, 1, has genus (F”?’)Llﬂ

, whilst the desired embedding for
Ky,4 has genus w, for p = 3mod 4 and ¢4 = 1 mod 4. Writing p =
4r + 3 is the same as p = 3 mod 4 and similarly, § = 1 mod 4 can be written as
q = 4t + 1. Therefore, substituting the equations for p and g into the expression
’7(;9 2)(g— )W yields { (4tr+i_r)_ﬂ,whose ceiling is 4(4tr+t;r)—1+1 _ (pr)(ZfZ)Jrl.

The difference between ¢(K,_1 ) and g(K} ) is %, thus at most that amount of

handles can be employed to insert the extra edges at v and w. From the faces cor-
responding to vertex u, we choose the faces that shall admit a handle alternately
and then we select their counterpart in the other sets of faces, corresponding to
vertex w. This is illustrated in Figure 2.5. Each tube carries four edges, except
the bottom handle, which carries three.

For p = 3mod 4 and g = 3 mod 4, a similar construction is employed. Con-
sider an embedding of K, 1, where we note that p —1 = 2 mod 4, thus even
and g is odd, hence, K}, 1, has a quadrilateral embedding. We pick a vertex u in
the partite set of size p — 1 and split it in two vertices, v and w as in the previous
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wﬂ, thus, we can only use at

case. The genus of K, ; is expected to be
most % handles. Similarly to the previous case, we choose % faces from each
side in which handles are to be inserted. Each handle carries three edges, except
for the bottom handle, which carries only two.

The same construction works for p = 3mod4 and 4 = Omod4 or p =
1 mod 4 and g = 0 mod 4, however, only  handles are required in both cases.
Now, for p = 1 mod 4,9 = 1 mod 4, we first obtain a quadrilateral embedding of
Ky 3,4 since p —3 = 2 mod 4. Note that the genus of K, 3, is (p%l}ﬁ. Three
vertices are split and similarly to the above construction, we add ‘7;—1 handles
near each split vertex, hence a total of 341 handles are added. In this case, the
expected genus of K, is {wﬂw = {(p 75)4(’172) + 3(q; 1)W which yields
the desired embedding. All other combinations are covered by interchanging p
and 4. O
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Genus of several Cartesian Products

This chapter takes a closer look at the results concerning the Cartesian product of
graphs, with particular emphasis on the repeated Cartesian product of bipartite
graphs.

Restricted to the case when the Cartesian product is taken for two graphs,
the results of this chapter can be summarised by the following theorem.

1+4rl(r+¢—2), if G=Kyorand H= Ky,
Theorem 3.0.1. (GO H) =} 0, if G = P, and H = P, for r and s even,
1, if G = Cypand H = Cys.

3.1 | General results

For a graph G with n vertices, m edges, and ¢ components, the first (graph) Betti
number, also called the cycle rank of G or the co-rank of G, denoted by #(G), is
m — n + c. It is equal to the number of edges in the complement of a spanning
tree for G, and thus gives the minimum number of edges that must be removed
from G to remove all its cycles. The following results make use of this value.

We first give an upper bound for the genus of the Cartesian product of two
graphs.

Theorem 3.1.1. [29] The genus of G1L1G, satisfies the inequality
§(G1Gy) < mig(Gz) + n2g(Gr) + Z(Kymy)- (3.1)
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Proof. Let Gy = (V4,E1), Go = (Vp, Ez) with ny = |V;| and ny = |V;|. First note
that the graph G1LJG; contains 71 disjoint copies of G, and 7, disjoint copies of
G1, where each vertex belongs to exactly one copy of G; and G,.

Let V(G1OG,) = {(vil,vjz) ci=1,...,mpandj=1,...,n2}. Let Hj; be the
subgraph induced by {(v;1,vj2) : i = 1,...,n1}. Then, Hj; is isomorphic to Gy,
for j = 1,...,n,. Similarly, let Hj; be the subgraph induced by {(v;1,vj2) : j =
1,...,ny}. Then, Hj; is isomorphic to Gy, fori = 1,...,n;. Note that in GG,
a vertex (v;y, vjz) = Hj1 N Hp. Refer to Figure 3.1 for an illustrated example.

Hjp

Figure 3.1: K3[1P3

Another graph G* = (V* E*) is formed by splitting each vertex (v;1,v)2)
in G1UG; into two vertices, v;;1 and v;j. Vertex vjj; has the same adjacencies
(vi1,0j2) had in Hj; and vertex v;j; has the same adjacencies (v;1,vj2) had in Hj.
Since no new edges are added in G*, E* = E(G10Gy). Therefore, G* has n
copies of G, and n; copies of G; which are all mutually disjoint, as can be seen
in Figure 3.2. Thus, by Theorem 1.2.10, ¢(G*) = n19(Gz) + 12¢(Gy). Let the
components of G* be separately embedded on orientable surfaces of appropriate
genus.

To regain the original graph G1L]G,, the surfaces are re-attached together in
the following way. Consider vertex (v;;,vj2) which has been split into two new
vertices, v;;; and v;j, respectively contained in graphs Hj; and Hjp, which have
been respectively embedded in orientable surfaces Sj; and Sj,. Take open 2-cells
Cj1 and Cpp in Sj; and S, respectively, with simple closed boundary curves Jj;
and [ such that (Cj; U Jj1) N Hjp = vj;1 and (Cip U Jip) N Hp = vjj2. Note that
Jj1 and Jj» do not contain the graphs Hj; and Hj;. Next, the surfaces Sj1, Sp are
amalgamated to each other forming a new surface S;; by identifying J;; and Ji
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1L 949y ) .

Figure 3.2: G* consisting of disjoint copies of K3 and P3

such that v;;; is identified with v;;. The new surface S;; contains an embedding
of the graphs Hj; and Hj, that share the vertex (v;1,vj2). The amalgamation
process is illustrated in Figure 3.3.

There are nyn, identifications to be made to regain G1LJG,. Consider the
n1 + ny surfaces on which the original components of G* were embedded on
to be the vertices in Ky, 4,. Therefore, each time two surfaces are identified to
each other, this corresponds to adding an edge in Kj,, ., Refer to Figure 3.4
for an illustration, where the dotted edge corresponds to amalgamating the two
surfaces Sy and Syp from Figure 3.3. During this process, each time a cycle is
formed in Ky, u,, the genus is increased by at most one. This follows since some
values of 11 and n; produce no crossings for an embedding of Kj, », and so,
there are no contributions to the genus. In other cases, a crossing is produced
and hence, a new handle needs to be introduced, increasing the genus by one.
Thus, the maximum number of additional handles required is exactly %(Ky, n,)-
Therefore, §(G10G,) < m18(Ga) + n28(G1) + #B(Ky, 1, ), as required. O

The following theorem establishes a lower bound on the genus of the Carte-

sian product of two graphs.

Theorem 3.1.2. [29] The genus of GG, satisfies the inequality
g(C;lDGz) > max(nlg(Gz) + g(Gl), nzg(Gl) + g(Gz)) (32)

Proof. Using the same notation as in the previous result, let H be the graph
formed by taking the union of Hyy and Hjp, fori = 1,...,n;. Then, H is a
subgraph of G;L1G; and the blocks of H are made up of one copy of G; and
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511
Figure 3.3: Amalgamating a copy of K3 to a copy of P3 from G*

copies of G,. Theorem 1.2.10 is applied to H to yield g(H) = g(Gy) +n18(Gz) <
2(G10Gy). Similarly, since G10G, = Go[1Gy, we get g(G2) +128(G1) < g(G1OG).
Hence, the result follows. O

The two inequalities (3.1) and (3.2) coincide if and only if one of the graphs
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511 521 531

S12 52 53
Figure 3.4: K33 corresponding to surfaces induced by K3L1P3

G1 or G, is the trivial graph Kj, as discussed below. If

mg(Ga) +n2g(Gr) + B(Kuy,ny) = max(n18(Gz) + g(Gr),m2g(G1) +8(G2))
(3.3)
then there are two cases to consider depending on the outcome of the right-hand
side of (3.3). Suppose, max(118(Gz2) + g(G1),1m28(G1) + g(G2)) = n18(Ga) +
¢2(Gq), then by (3.3),

n18(Ga) + g(G1) = mg(Ga) +n28(G1) +ninp —ny —np +1
< ¢(Gy) = ng(Gy) +nyng —ng —np+1
ny+ny —niny —1

< ¢(G1)

1’12—1
n(l—mny)+n,—1
o (G = M=t
nm —1)(1—n
ﬁg(GO:(Z n2)£1 2

< g (Gl) =1-—-m
Since the genus of a graph cannot be negative, the only possible value is
np = 1, therefore, G; = Kj. The case when max(11¢(Gy) + ¢(G1),n2¢(G1) +
2(G2)) = mg(Gy) + g(Gy) is analogous.
Before we proceed to determine the genus of some families of Cartesian

products of bipartite graphs, we present some definitions on graph colouring.
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Definition 3.1.3. A (proper) vertex-colouring is a function ¢ : V(G) — IN such that
c(u) # c(v) if u and v are adjacent in G.

If each colour used is one of k given colours, then we refer to the colouring
as a k-colouring. A graph G is k-colourable if there exists a colouring of G from a
set of k colors. In other words, G is k-colourable if there exists a k-colouring of
G.

Definition 3.1.4. The minimum positive integer k for which G is k-colourable is the
chromatic number of G and is denoted by x(G).

The chromatic number of bipartite graphs is known to be two. This is in fact
another characterisation of bipartite graphs as stated in the following theorem.

Theorem 3.1.5. [4] A non-empty graph G has chromatic number two if and only if G
is a bipartite graph.

The next result is a corollary of a result proved by Sabadussi in 1957 [22],
where it was shown that x(GOH) = max{x(G), x(H)}. We provide a new
approach to proving directly the same result.

Proposition 3.1.6. Let G and H be two non-empty graphs. The Cartesian product
GUH is bipartite if and only if G and H are bipartite.

Proof. Let G and H be two bipartite graphs with V(G) = AUB and V(H) =
CUD. Then, V(GOH) = (A x C)U(A x D)U(B x C)U(B x D). To show that
GUH is bipartite, we select an arbitrary vertex from each set in V(GOH), deter-
mine its adjacencies and show GLIH has two partite sets.

m Consider the vertex (a,c) € A x C. Then (g, ¢) is adjacent to another vertex
(x,y) in V(GOH) if and only if either x = aand y ~ cin H, or y = ¢ and
x ~ ain G. Therefore, (x,yy) € Ax Dor (x,y) € B x C.

m Consider the vertex (a,d) € A x D. Then (a,d) is adjacent to another
vertex (x,y) in V(GOH) if and only if either x = aand y ~ d in H, or
y =dand x ~ ain G. Therefore, (x,y) € A x Cor (x,y) € Bx D.
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m Consider the vertex (b,¢) € B x C. Then (b, c) is adjacent to another vertex
(x,y) in V(GOH) if and only if either x = band y ~ cin H, or y = ¢ and
x ~ bin G. Therefore, (x,y) € Bx Dor (x,y) € A x C.

m Consider the vertex (b,d) € B x D. Then (b, d) is adjacent to another vertex
(x,y) in V(GOH) if and only if either x = band y ~ din H, or y = d and
x ~ bin G. Therefore, (x,y) € Bx Cor (x,y) € A x D.

From the above, we conclude that GLJH has a partite set consisting of vertices
from (A x C)U(B x D) and another partite set consisting of vertices from (A x
D)U(B x C). Therefore, GLH is bipartite.

Conversely, let GLIH be a bipartite graph, where G has 1 vertices and H has
ny vertices. Then, GLIH is 2-chromatic by Theorem 3.1.5 and all subgraphs are
2-colourable, in particular, fori = 1,...,ny and forj = 1,...,ny, G; and Hj are
2-colourable. Suppose G; is 1-colourable, then, G; = UZ;l Ky, thatis, G; is empty,
a contradiction. Similarly, if H;is 1-colourable, we get a contradiction. Hence,
G; and Hj are 2-chromatic fori = 1,...,np and for j = 1,...,ny. Therefore, G
and H are bipartite. O

By induction, the result from Proposition 3.1.6 can be generalised to the re-
peated Cartesian product of k bipartite graphs.

Corollary 3.1.7. Fori = 1,...,k, if G; is bipartite, then the graphs Hy are bipartite,
where Hy = Gy and Hy = Hy_10Gy, for k > 2.

3.2 | Genus of K[ 1K,

Using Proposition 2.1.3 together with Theorem 2.0.1, Remark 2.1.4 and Lemma
2.1.5, we are in a position to derive the genus of Ky, 2,[1K>; 2.

Lemma 3.2.1. [28] The genus of Ky, 2,.L0Ky; o, is given by
g(K2r,2rDK2r,2r) =1 + 81’2(7‘ — 1)

Proof. By Proposition 3.1.6, Ky, 2,.L1Kj, 2, is a bipartite graph. We proceed by con-
structing a quadrilateral embedding for Ky, 2,L1K5; 2,, for r > 2. First embed 4r
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disjoint copies of Ky, in 4r surfaces of genus (r — 1)? using the embedding
given in Remark 2.1.4. For half of these copies, that is, for 2r of them, assign one
orientation and give the reverse orientation to the other half. This separation
corresponds to the partite sets of Ky, »,. All that is left is to add edges between
the 4r disjoint copies to acquire Ky, »,L 1K, 2,. Note that 4r edges are required to
be added between each pair of oppositely oriented copies, which can be done
by adding r handles, with each handle carrying four edges. Such an operation
will be referred to as a link. For each surface, there are 2r links. By Lemma 2.1.5,
the embedding for each copy of Ky, on each surface can be applied. We just
need to check that after partitioning the faces, the corresponding subsets can
be matched correctly. For 1 < j < 2r, each copy j of Ky, o, is embedded with
common orientation, whilst for 1 < j < 2r each copy j of Ky, is embedded
with the reverse orientation. For some copy j, its face partition Congsts of 2r
subsets of r faces each. Match subset i of the face partition to subset i in copy
j+i,1< j+ i <2r(mod2r). If j +i = j'+ i’with i = i/,
then, j = j/, therefore, each subset of the partition has exactly one handle at-
tached at each face in that subset. Each handle carries maximum four edges,
so that each new face formed is quadrilateral. Since a quadrilateral embedding
has been constructed, Proposition 2.1.3 can be applied. As n = 4r.4r = 1612
and m = 4r.4r* + 4rdr? = 3273, the genus ¢(Ky, 2,0Kp,0,) = 1+ 872(r — 1).
The case when r = 1, the construction used above cannot be employed by Re-
mark 2.1.6. Note that K;»>[1K5 5 is C4[1C4, which is known to be toroidal [28],

which conforms to the above result. ]
Two similar results hold for K; 11K ; and for K3301K3 3.
Lemma 3.2.2. [28] The genus of K3 301K3 3 is
¢(K330K33) = 10.

Proof. An embedding of K33 can have faces with six sides each such that

{4,5,6}, forl<i<3,

Nk, (i) =
> {1,2,3}, fora<i<é
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and permutations given by
Pl/ Pz, P3 . (4 6 5)
P4, P5, P6 . (1 3 2)

This embedding produces six-sided faces that contain each vertex of the graph
exactly once. Now, six copies of K33 are embedded in six surfaces of genus
one, where again half are given one orientation and the other half the reverse
orientation. Nine handles are added, each carrying six edges as described for the
previous case. Therefore, a quadrilateral embedding is obtained and computing

the genus using Proposition 2.1.3, we get ¢(K3 300K33) = 10. O
Lemma 3.2.3. [28] The genus of Ky 11Ky 1 is
¢(K110Ky1) =0.
Proof. K110Kj1 = K;0K; = C4 and thus, g(C4) = 0. O
Lemmas 3.2.1, 3.2.2 and 3.2.3 are summarised in the following theorem.
Theorem 3.2.4. [28] The genus of K, s[IK; s if s is even, or if s € {1,3} is given by
§(KssOKss) = 1+8%(s — 2).

Theorem 3.2.4 can be used to produce the following corollary, which is a
slight generalisation of the theorem.

Corollary 3.2.5. [28] The genus of Ky, 2,L1K} s is given by
9(KororOKps) =14+ 7((r —2)(t +5) + ts)

fort <2r,s <2r.

Proof. First, Ky, 2,L1Ky, 2, is embedded as shown in Theorem 3.2.4. Next, 4r —
(t +s) copies of Ky, are removed, including any handles included in these
copies, to leave an embedding of Ky, »,L1K;s. This embedding is also quadrilat-
eral since the embedding for Ky, »,L 1K, o, was quadrilateral and the removal of
handles simply reintroduces quadrilateral faces. Now, the number of vertices

n, for Koy 5,00Ky s, is 4r(t + s) whilst the number of edges m is 4r?(t + s) + 4rts.
Applying Proposition 2.1.3, the result immediately follows. O
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To further generalise Theorem 3.2.4, we use Corollary 3.2.5 to obtain an un-
bounded formula.

Corollary 3.2.6. [28] The genus of Ky 2,[1Kyy 5y is given by
§(KororKppp) =1+ 4rl(r + £ - 2)

for all natural numbers r, .

Proof. In Corollary 3.2.5, let s = 2/ = t, therefore,

§(Kar 2 OKop00) = 14 7((r —2)(2€ + 20) + 462)
=1+ 4r(rl — 40 + (%)
=1+ 4r20 — 8¢l + 4r0?
= 14+4rl(r 40 —2)

The result holds for all natural numbers r and . O

Work on the genus of the repeated Cartesian product of bipartite graphs also
includes the work of Pisanski [18] who generalised White’s results by using the
degree sequence of regular bipartite graphs to determine the genus of their re-
peated Cartesian product. The main result is given in the following theorem, the

proof of which is ommitted here.

Theorem 3.2.7. [18] Let G(n,d) denote a connected reqular bipartite graph on 2n ver-
tices and of degree d. The main result states that any Cartesian product G(n,d)0Gy(ny,dq)
OGa(ny,d2)0 ... OGy (1, dw), such that max{dy,dy, ..., dn} < d < dy+dy+
...+ dp, has a quadrilateral embedding.

Whilst this result captures several families of regular bipartite graphs, it can-
not be applied to the family of graphs Ky, 2,[1Cp. Extending the construction
provided by White, we derive and prove a formula for the genus of Ky, 5,L1Cp;.

Theorem 3.2.8. For r > 2, the graph G = Ky, ,L1Cys has a quadrilateral embedding

on a surface of genus g.
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Proof. Consider a surface S of genus g. We start by embedding 2s copies of
K2y, €ach on a surface of genus (r — 1)? as described by Theorem 3.2.4. We
shall construct a quadrilateral embedding of G on S for an appropriate value of
g. We partition the 2s copies in two such that s copies, labelled by 1 < j <'s,
are assigned one orientation and the remaining s copies, labelled 1 < j <,
are assigned the reverse orientation, corresponding to the vertex-set partition of
Cys. From Lemma 2.1.5, each copy of Ky, 2, has a partitioning of its faces into
2r subsets of r faces each. For this case, only 2r faces are needed, therefore, we
select any two subsets for some copy of Ky, 2,. This selection of faces is then
applied to all the copies of Ky, »,. Two links need to be made from each copy j,
both links to a copy of reverse orientation. Each link consists of 4r edges, which
can be passed over r handles, each handle carrying four edges. The handles
corresponding to the first link are inserted in the faces of one subset of copy j of
Ky 2 to the corresponding faces in copy 7), whilst the handles for the second
link are attached to the faces of the second subset of copy j to the corresponding
faces in copy 7 In this way, after all the 2s links have been made, we have

obtained a quadrilateral embedding of Ky, »,L1Cs. O

Remark 3.2.9. Note that for K; 2U1Cys, this graph is in fact C4UCys. The quadrilateral
embedding of this graph is called the grid graph or lattice graph and is known to be
toroidal [28]. Therefore, (K 20Cps) = 1.

Using this result, we are now in a position to derive the genus of Ky, »,LJCs.
Theorem 3.2.10. For v > 1, the genus of Ky, 2,L1Cy; is given by
g(KZr,2rDC25) =1+ 27’5(1’ - 1)'

Proof. By Corollary 3.1.7, Ky, »,[1Cys is a bipartite graph, If » > 2, by Theo-
rem 3.2.8, there is a quadrilateral embedding of the same graph. Hence, we

apply Proposition 2.1.3 to get

4r(2s) + 2s(4r%)  8rs
g(K2r,2rDCZS) =1+ ( ) ( ) - 5

4 2
=1+ 2rs +2r25 — 4rs
=1+2rs(r—1).
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In the case when r = 1, the genus of K;,[1Cy; is one by Remark 3.2.9, which

conforms to the above formula. O

As a direct consequence of Theorem 3.2.10, we deduce the genus of Ky, »,[1P,;.

Corollary 3.2.11. For r > 1, the genus of Ky, 2,[1Py; is given by
§(Kpy2,0Pys) = (r — 1) (257 —1).

Proof. We start by first embedding G’ = Kj, »,[1Cy; as given in Theorem 3.2.8. To
obtain G = Ky, 2,[0P,5, we only need to remove 4r edges from G’ between a copy
of Ky, »» with one orientation and another copy of reverse orientation. The only
way these two copies are connected is through r handles, therefore, we remove
these r handles and the edges on them. The faces we have reintroduced are
quadrilateral, since the embedding of G’ is quadrilateral. Therefore, we have
obtained a quadrilateral embedding for G. By Corollary 3.1.7, G is bipartite,
hence, we apply Proposition 2.1.3 to get:

g(K2r,2rDP25) =142rs(r—1)—r
=2rs(r—1)—(r—1)
= (r—1)(2rs — 1).

3.3 | Genus of H;

Every path is a bipartite graph, thus, the Cartesian product of two paths is again
bipartite by Proposition 3.1.6. This can be extended to the Cartesian product of
j paths, which for j > 2, is defined recursively as follows

Hy = Py,

Hj = H;_10Py,.

Whilst all paths are bipartite, we restrict the first three paths to be on an even

number of vertices. The reason for this is to obtain a quadrilateral embedding
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in the base case, that is, when j = 3, as will become evident in the proof. Let
MU = [T_,m; and ml) = Y ml, The following theorem establishes the
genus of H;, where the first three paths in the product are all on an even number

of vertices.

Theorem 3.3.1. [28] The genus of Hj, for j > 3 and mq, my and ms all even, is given
by

M) (j—2— m(]’))

1 .
Proof. By Corollary 3.1.7, H; is a bipartite graph, hence, we proceed to construct
a quadrilateral embedding for it in order to compute its genus by using Propo-
sition 2.1.3. Note that the number of vertices of H; is MU). Let P(j) be the
property that there is an embedding of Hj, for which each face is quadrilateral,
with f] _ M(])(]‘Z_m(]))

quadrilateral faces each, both sets containing all M) vertices of Hj, with the

, including two disjoint sets of MTU) mutually vertex-disjoint

number of edges being M) (j — m()). The proof of P(j) will proceed by induc-
tion on j, forj > 3.

For a construction of Hj, first consider the graph Ps[1Ps, which is known to
be a planar graph, as can be seen in Figure 3.5. Every face is quadrilateral, except
for the exterior face. In general, the graph P, (1P, is planar and two links may
be made, provided both m; and m; are even. One link uses the faces designated
by (1) and the other uses the faces designated by (2), as illustrated in Figure 3.5.

With m3 being even, embed m3 copies of Py, [P, and partition them in
two, with 5* copies having on orientation, and the other half having reverse
orientation. This partition corresponds to the vertex-set partition of Py,. Ar-
range the two end copies of Py, 0Py, so that the faces designated by (2), in-
cluding the exterior face, are used in the single link made from each end copy.
These two end copies should be found in different parts of the partition. The
graph Hj thus has a quadrilateral embedding since a handle attached between
two oppositely oriented copies of the exterior face replaces those two faces of
2(mq1 + my — 2) sides each with 2(mj + my — 2) quadrilaterals once the edges
are added over the handle. Now, the number of edges in P, 0Py, is (m; —
1)my + (my — 1)my, which is equal to 2mymy — mj — my. Therefore, the num-
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Figure 3.5: Ps[1Pg [29]

ber of edges in Hj is m3(2mimy — my — my) + (m3 — 1)(mymy), which is equal
to 3mymymz — mymsz — mpymz — mymy. Furthermore, the number of faces f3 in
Hs is given by f3 = m3fy + fU) + f?), where f(1) denotes the increase in the
number of faces produced by the added handles within faces designated by (1),
similarly for f (2), From each copy of Py, U1Py,, there are %% handles within
faces of type (1), with % — 1 links that make use of these faces. Therefore,
fU = 2(% —1)(%%22). The faces designated by (2), excluding the exterior
face, produce a change in faces of 2("%* — 1)(% — 1), whilst the exterior face

accounts for 2(my + my — 2) — 2. Therefore, we have that

fz =m3((my —1)(my —1) +1) +2 (@ _ 1) <m1 mz)

2 2 2
S G- (F ) )
SB2(ZE 1) (Z2-1)+2 ~3
+ > > > + (m1+m2 )
S — | mymp  mgmgz o mamsa
TR 2 2 2

To show that P(3) holds, all that remains is to select two disjoint sets of quadri-
lateral faces that cover all the vertices of H3. From each handle within faces
marked by (2), select every second face. These are mutually vertex-disjoint and
contain all mymymg3 vertices of H3. The second set of faces is formed by choosing
the remaining faces on the handles joining the faces designated by (2). These
are also mutually vertex-disjoint and cover all mymym3 vertices of H3. Clearly,

the two sets chosen are disjoint, hence P(3) is true.
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Assume P(j) holds, we show that P(j + 1) follows. First, minimally embed
mj, 1 copies of H; as described by P(j) , with orientation as determined by the
vertex set partition of Py, ,. The mj;1 — 1 required links can be made to obtain a
quadrilateral embedding of H; 1 as described above. Now, the number of edges
in H; 1 is m;; 1 multiplied by the number of edges in H;,, added with the product
of m i1 —1 with the number of vertices in H,,. Thus,

m = mi (MY — MOmD) + (myq — )M = MU (j 4+ 1 — mHD),

Also, fi1 = mj1f; + f, where f = 2(mjyq — 1)(MTU)), where m;, 1 — 1 is the
number of links, MT(]) is the number of handles per link, with an increase of two

in the number of faces for each handle. Therefore, we have,

2 2

/ . <M(]') (]'_m(j))> N MU+ pmG)
41 = Mjiq >

M(J'+1)(]' +1—mUth)
5 )

The last step to verify P(j + 1) is to find two disjoint sets of M(fl) mutually

vertex-disjoint quadrilateral faces each, both sets containing all MU*1) vertices
of Hj, 1. There are two cases to consider:

Case (i): If mjy is even, then we choose the opposite faces on each handle of
alternate links to from one set, and the remaining faces form the second set. This

selection is depicted in Figure 3.6.

Figure 3.6: Selecting faces from an even number of paths [28]

Case (ii): If mj, 1 is odd, from alternating links, choose the opposite faces

on each handle together with the remaining set of MTm mutually vertex-disjoint

quadrilateral faces from one of the end copies of H;. To form the other set, choose

opposite faces from each handle on the rest of the links, together with the MT(”
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Figure 3.7: Selecting faces from an odd number of paths [28]

mutually vertex-disjoint quadrilateral faces from the remaining end copy of H;.
This selection is illustrated in Figure 3.7.

We have shown that P(j + 1) follows from P(j), for all j > 3. Using Proposi-
tion 2.1.3, we can compute the genus of H; as follows,

D (i —mb) ()
8(Hj)=1+M (]4 = )_A/12
(1) (j—2— m(j))
1 .

:1+M

For the case when m; =k, foralli =1,...,j, we get the following result.
k) o .
Corollary 3.3.2. [28] The genus of H i for j > 3 is given by

Ky _ 4 K (kj—2k—))
g(H]. ) =1+ 1 .

3.4 | Genus of G;

Every cycle on an even number of vertices is a bipartite graph, thus, the Carte-
sian product of two even cycles is again bipartite by Proposition 3.1.6. This can
be extended to the Cartesian product of j even cycles. We denote the product of

j even cycles, for j > 2 recursively as follows
Gl = C2m1

G]' = G]',1 DCQm]..

From the above definition, it is required that m; > 2, fori € {1,...,j} as K;
is not considered to be a cycle. As in other sections in this chapter, let M) =
Hle m;. The following lemma establishes the number of vertices and edges in

Gj.
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Lemma 3.4.1. The number of vertices of G;j is 2IMY) and the number of edges is
2 MU,
Proof. The number of vertices of G; is the product of the vertices of each even
cycle in G;. Since all cycles are a multiple of two, then the number of vertices
of Gj will contain 2/. Moreover, mq,m>, .. .,m;j are also multiplied together to
finally obtain 1 = 2/MU).

To deduce the number of edges of G;, the proof will proceed by induction on

For j = 2, Gy = Co,0Com,. Then, m = 2mq2my + 2m12my = 2.22mymy.
Therefore, the result holds for the base case.
Suppose the result holds for j = k — 1, we will show it is true for j = k. The

number of edges of Gy is

m = |V (Gx-1)[-|[E(Com,)| + [V (Cam,)[-IE(Gr—1)]
= 2k_1M(k_1).2mk + 2my.(k — 1)2k_1M(k_1)by the induction hypothesis
= 2*M®) 4 (k —1)2*M ")
= k2kpm )

The result follows by induction on j. O

Now we can proceed to prove the genus of the repeated Cartesian product

of even cycles.
Theorem 3.4.2. [28] The genus of Gj, for j > 2, is given by
§(G)) = 1+272( - 2)M0.

Proof. By Corollary 3.1.7, G; is a bipartite graph, hence, we proceed to construct
a quadrilateral embedding for it to compute its genus using Proposition 2.1.3.
Let P(j) be the property that there is an embedding of G;, for which each face is
quadrilateral, with f; = j21=1MU), including two disjoint sets of 2/~2MU) mutu-
ally vertex-disjoint quadrilateral faces each, both sets containing all 2/ MU) ver-
tices of G;. The proof of P(j) will proceed by induction on j, for j > 2.

For G, = Gy, UGy, take my = 2 and my = 3 to yield G, = C40Cs. This

graph is embedded with no crossings on the torus, that is, the genus is one, thus,
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it conforms to the expected value. The embedding is known as the grid graph
or lattice graph, which can be seen in Figure 3.8.

@M | @O0 @

@M || O] 0 @

Figure 3.8: C4UCq

The number of quadrilateral faces f; = 22.M?) = 423 = 24 can also be
verified from the embedding, noting also that faces marked by (1) and (2) form
the two sets of faces as described by P(2).

Assuming P(j) is true, we will show that P(j + 1) also holds. First, minimally
embed 2m; 1 copies of G; as described by P(j). Assign m; 1 many copies one
orientation and the other m; 1 copies the reverse orientation. This partition cor-
responds to the vertex set partition of Coy,, , . From each copy of G, two links are
made to copies of opposite orientation. From P(j), we can construct these two
links using 2/~2M() handles, where each handle carries four edges. Therefore,
each new face formed is a quadrilateral face. In this way, G;,1 can be embedded
after constructing the 2m; 1 links.

Now, form one set of faces by choosing alternating quadrilaterals from each
handle, which was added in alternate links in this embedding. Form the second
set by choosing the rest of the quadrilaterals on the same handles. The two
sets of faces are disjoint and each set contains 2(m;1)(2/"2M0)) = 2/~ pMU+1)
mutually vertex-disjoint quadrilaterals. This follows because links are chosen
alternately, therefore, from the 2m ].sz —2MU) we choose half of them. From this
number of handles, which is mj+12j _ZM(j), a set is formed by again choosing
faces alternately, thus, we select only two faces from each handle. Note that
both sets contain all of the 271 MU*1) vertices of G; 1. Furthermore, the number
of faces in Gj1 is the number of faces in each copy of G; and the net increase in
the number of faces introduced by the handles. Therefore, f; 1 = 2m;,1f; + f,
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where f is the contribution to the number of faces from the handles. By the
induction hypothesis, f] = j2j_1M(j). To calculate f, we know that there are
(2mj41) (2 ~2M0)) handles in total in Gj;1, however, even though each handle
introduces four new faces, the net difference in the total number of faces is two
per handle. This follows since first we have two faces in two disjoint copies of G;,
then, a handle connects them together and we get four faces, so there is only an
increase of two in the number of faces. Therefore, f = (2mj;1)(22M 1)(2) =
2IMU+Y). Hence, fi11 = (j+ 1)2MU+D. We have shown that P(j + 1) follows
from P(j). Using Proposition 2.1.3, we can compute the genus of G;.
i2imG) 21 p0)
2(G) =1+ 20— - 25
=14272(j—2)MY).

]

If mj = kforalli € {1,...,j}, then, let G](k) denote the repeated Cartesian
product of cycles, all of which have length k. Substituting M) = k/ in Theorem
3.4.2 we obtain the following result.

Corollary 3.4.3. [28] The genus of G](k) is given by g(G](k)) =1+272(j —2)k.

3.5 | Genus of the j-cube and other variants

Definition 3.5.1. The j-cube, denoted by Qj, is a graph on 2/ vertices, such that each
vertex v is a sequence aya; . .. a; of length j where a; is either 0 or 1. An edge {u,v} is
in Qj if the sequences corresponding to u and v differ only at one position.

The genus of the j-cube was found by Ringel in 1955 [19] and independently
by Beineke and Harary in 1965 [1]. Since the j-cube can be represented as the
repeated Cartesian product of K;, the result can also be obtained as a corollary
of Theorem 3.5.5. Similarly, it is a corollary of Corollary 3.3.2 since K, = P,
and thus, the j-cube is represented as the repeated Cartesian product of P,. The

following gives the formula for its genus.
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Theorem 3.5.2. [1, 19, 28] The genus of the j-cube is given by
8(Q) =1+273(j - 4).

The following is the proof given by Beineke and Harary in [1], which makes
use of quadrilateral embeddings.

Proof. We derive the formula for the genus of Q; by showing the following two

inequalities:
g(Q) = 1+2173(j - 4) (3:4)
8(Q) <1+273(j - 4) (3.5)
To show (3.4), we use Corollary 1.2.8 and the fact that 4f > 2m since Q; has no

m n

odd cycles, particularly of length three. Therefore, g(G) > 1+ § — 4. Applying
this to Qj, with n = 2/ and m = j2/~! we get g(Q;) > 1+ 2/73(j — 4), satisfying
(3.4).

To show (3.5) holds, we prove the following claim.

Claim: Q; can be embedded on an orientable surface of genus g in such a way
that every quadrilateral in Q; whose vertices differ only in the first and (j — 1)th
places of their sequences is a face.

Proof: The proof proceeds by induction on j. The result clearly holds for Q.

Assume it is true for Qj-1. Embed two copies of Q; 1 on two orientable
surfaces S and S’ of appropriate genus, given by the claim. These are embedded
in such a way that the two embeddings are "mirror images" of each other and
they satisfy the conditions of the claim. In both S and S’, each vertex v lies on
exactly one quadrilateral face F(v) whose vertices differ only in their first and
(j — 1)th place.

We now construct a quadrilateral embedding for Q;. Suffix each sequence of
each vertex in S by a 0 and similarly, suffix each sequence of each vertex in S’ by
a 1. Place a handle from F(00...00) in S to F(00...01) in S’ to obtain a surface
of genus 2¢(Q;_1) and repeat this for all such faces. There are @ other faces
on S which are faces F(v) for four vertices v. This is the case as for Qj,l, there

are 2/~! vertices, each of which lies in a face F(v). We subtract four since we
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have already considered one such face and we divide by four because each face
is made up of four vertices and otherwise, we would be counting a face four
times. Place handles between corresponding faces of S and S’. Therefore, we
add 2/73 — 1 handles in total. The surface S obtained from S and S’ has genus
2¢(Qj-1) + 2/=3 — 1. We note that S can have Qj embedded on it as vertices from
S are to be joined to vertices from S’ without intersections using the handles as
they only differ at the jth position. Furthermore, each quadrilateral of Q; is a
face. |

Note that S has genus (j —5)272+2+23 -1 = (1+j-5)23+1 =
(j —4)2/7=3 + 1 as required to show. O

Below is an illustration of the technique described in the proof for Theo-
rem 3.5.2 given by Beineke and Harary [1].

( N
0100 1100 1101

110 1110 1111 0111

0101

010 101 011 101
0000 1000 1001 0001

N J

Figure 3.9: A quadrilateral embedding of Q4 from two copies of Q3 [1]

We now define a generalisation of the j-cube by letting Qgs) = K, and re-

cursively define Q](.S) = Q](.S_)lEIKS,S, for j > 2. The constructions developed in
Theorem 3.2.4 are extended to obtain the genus of Q](zs). First, we derive the

number of vertices and edges in QJ(ZS).

Lemma 3.5.3. For Q](-ZS), the number of vertices is 4's/ and the number of edges is
]'22]'5]'—1-1'
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Proof. The number of vertices in Q]QS) is the product of the vertices of each Kj; »s.
Therefore, n = (4s)/ = 4/.s/.

The degree of a vertex v in Q](.ZS) is 2sj as v is in j copies of Kps s, and for
each copy it is adjacent to 2s vertices. Therefore, by the Handshaking Lemma

Lemma 1.1.1, we get

2m= Y deg(v) = (2sj)(4s))
UEQ(ZS)
]

— j22j+1sj+1

= m = j2%s/ 1L,

Theorem 3.5.4. [28] The genus of Q](.ZS) is given by
$(Q)) =1+252(sj - 2).

Proof. By Corollary 3.1.7, Q](.zs) is a bipartite graph. We proceed to construct a
quadrilateral embedding and then apply Proposition 2.1.3 to compute the genus.
By Lemma 3.5.3, n = 4/s/ and m = j2%/s/*1. The result will be proved by induc-
tion on the statement P(j) which states that there is a quadrilateral embedding
of Q](.ZS) such that the number of faces f; = j22=1s/*1 including 2r disjoint sets of
22/~2s/ mutually vertex-disjoint quadrilateral faces each, where each set contains
all 4/s/ vertices of Q;ZS).

The case for ngs) is the embedding of K; »s given by Theorem 2.0.1, Remark
2.14 and Lemma 2.1.5.

Assuming P(j) to be true, we will show that P(j + 1) holds. First embed 4s
copies of Q](ZS) as described by P(j). Assign 2s of these copies one orientation,
with labelling j, where 1 < j < 2s and the other 2s the reverse orientation,
labelled j, where 1 < j < 2s (mod 2s). This partition corresponds to the
vertex-set partition of Ky, 25. By the induction hypothesis, each copy of Q](zs) has
2s sets of faces. Each set is used for a link, thus, we have 2s links made from each

copy. Furthermore, each set contains all the vertices of Q](.ZS). Consider some

— —
copy j, match subset i with subset i in copy j + i . Similarly to Theorem
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3.2.4, this implies that a face in some copy j has only one handle coming out of it.
For each matching, a handle carrying four edges is attached between each pair
of corresponding quadrilateral faces. In this manner, 4s? links are completed,

(25)
j+1-

- = - =

For a fixed j, pair off copy i of Q](ZS) withcopy i + j,for1 < i + j <2s
(mod 2s). For each such pairing, the two copies are linked together using 2%/~2s/
handles. Therefore, there are 4(2%~2s/)(2s) = 2%+1s/*! quadrilateral faces on

the handles between copy j and all other copies of opposite orientation. From

resulting in a quadrilateral embedding of Q

each handle, choose one pair of opposite faces. The 2%si*! faces chosen are
mutually vertex-disjoint and contain all the vertices of Q](._zfl). Letting j run from
one to 2s, we obtain 2s mutually disjoint sets of quadrilateral faces, satisfying
P(j+1).

The embedding obtained for Q](._Zfl) is quadrilateral since the copies of QJ(ZS)
are quadrilateral and the introduction of a handle that carries four edges only
introduces quadrilateral faces. The number of faces f, 1 = 4sf; + f, where
f is the number of new faces introduced by the handles. The number of han-
dles is (2%/2s/)(4s%) = 4/s/*? since there are 4s” links in total. Thus, f,,;1 =
4s(j22I~1s/t 1) 4 2(4/s/*2) = (j + 1)2%+1s/2. This shows that P(j + 1) follows
from P(j) for all j > 1. By Proposition 2.1.3,

2 2%sitt 4ls]
Q) =1+ 15— =

= 1+42%"2i(sj —2)

]

Since Theorem 3.2.4 includes the cases when s = 1 and when s = 3, the
construction given in Theorem 3.5.4 can be slightly modified to obtain a formula
for the genus of Q](S).

Theorem 3.5.5. [28] The genus of Q](.S) is given by

Q) =1+2773(j—4)

for s even and any positive integer j, or for s = 1 or s = 3 and for j > 2.
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From Corollary 3.4.3, if k = 2, then, Q](.z) is the 2j—cube since G; = C4 =
K>[K; and the following result is obtained.

Corollary 3.5.6. [28] g(Qy) = 1+2%72(j —2).

Using Theorem 3.5.4, we provide a construction for a quadrilateral embed-
ding of QSZV)D Cos.

Theorem 3.5.7. The genus of QZQY)DCZS is given by
g0 Cy) = 14 2% Tsri(ir — 1).

Proof. First, minimally embed 2s copies of ngr) as described by Theorem 3.5.4.
We assign s many copies one orientation and the other s copies the reverse ori-
entation. This partition corresponds to the vertex-set partition of Cp;. From each
copy of ngr), two links are to be made, both to copies of reverse orientation. For
each link, 2%'r' edges are to be added and these are passed over 2% ~27' handles
with each handle carrying four edges. By Theorem 3.5.4, each copy of szr) has
2r disjoint sets of 2%~2¢' mutually vertex-disjoint quadrilateral faces that cover
all 2%'r! vertices of ngzr)' Since only two links are to be made from each copy
of QEZr), we choose any two of the available sets. The number of quadrilateral
faces in each set is precisely the amount required to perform a link, as previously
described. Since the embedding of each copy of Ql(zr) is quadrilateral and each
insertion of a handle introduces more quadrilateral faces, the obtained embed-
ding of QSZY)D Cys is quadrilateral. Applying Proposition 2.1.3, we get

- it1n2i in2i in2i
(2r) B 2sirtT12%1 4 25712 2sr'2

=1+ 2% Lspi(ir — 1).

O

The following theorem generalises Theorem 3.5.7 by considering the repeated
Cartesian product of even cycles.

Theorem 3.5.8. The genus of Ql(zr)D G; is given by
g(QP0G)) =14+ MW22Hi=24(j 4 ir —2),
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Proof. We let G denote Q gln G;. The proof proceeds by induction on j, where
the property P(j) is as follows: There is a quadrilateral embedding of G, with
the number of faces f; = r'2%T~1M ()(j 4 ir), including two disjoint sets each
of r’22+1=2 () mutually vertex-disjoint quadrilateral faces each such that each
set contains all the 722+ M) vertices of G.

For j = 1, the quadrilateral embedding of Q 0 Com, is given by Theo-
rem 3.5.7. The number of faces f; is given by f1 = 7 E(QE i Com, )|, and thus

B (2mq) (2%71) 4 (2my) (2% F1)
fi= |

— m1221r1 +im 221 i+1

= 2%y (1 + ir).

which conforms to the number of expected faces as stated by P(1). The first
disjoint set of faces may be chosen by selecting opposite faces from alternate
links, and the second set of faces may be formed by choosing the remaining faces
from the same handles in each chosen link. Therefore, each disjoint set would
contain 2my(2%~2r') = 2%~1myr' quadrilateral faces. This follows since half of
the 2m links are chosen, where each link has 2% =27 handles and only two faces
are chosen from each handle. The faces in each set are mutually vertex-disjoint
and each set contains all the vertices of Q in Com, . Therefore, P(1) holds.
Assuming P(j) is true, we will show that P(j + 1) also holds. The graph we
are considering is G’ = Q;ZY)D Gjy1. First, minimally embed 2m;, copies of G
as described by P(j). Assign mj;; many copies one orientation and the other
mjyq copies the reverse orientation. This partition corresponds to the vertex-
set partition of Cyy,,. From each copy of G, two links are to be made, both to
copies of reverse orientation. The number of vertices of G is r'2%*/ M), and
thus we need to pass that many edges over a link joining two copies of G with
different orientations. Therefore, the number of handles required for each link
is 411 <ri22i+j MU )> since each handle carries four edges. Using P(j), we have two

disjoint sets each of r2%+1-2M() mutually vertex-disjoint quadrilateral faces
and thus we have a sufficient number of faces such that we can construct these
links using 2%+/=2MU) handles, where each handle carries four edges so that
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each new face formed is a quadrilateral. In this manner, the graph G’ is embed-
ded after constructing the 2m; 1 links.

The number of faces fi 1 in G" is fiq1 = 2mj1f; + f, where f denotes the
number of new faces introduced by the handles. Note that f = 4m;j (ri2i+i=2
MU)) since we have 2m j+1 links, with each link requiring r122147-2 () handles

and the difference in the number of faces is two per handle. Therefore,
fir1 = 2mp (P22 IMY (G + ir)) + dmjq (r22H 72 M0))
_ ri22i+jM(]'—|—1) (] + ii’) 4 ri22i+jM(f+1)
= r2H MU (j 4 ir +1).

This satisfies the expected number of faces as stated by P(j + 1). Next, we have
to construct the two disjoint sets of faces. The first disjoint set of faces may be
chosen by selecting opposite faces from alternate links, and the second set of
faces may be formed by choosing the remaining faces from the same handles in
each chosen link. Therefore, each disjoint set would contain 2m; 4 (ri22+=2 M)
22+j=1p MU+1) quadrilateral faces. This follows since half of the 2s links are
chosen, where each link has r'2%+/~2M() handles and only two faces are chosen
from each handle. The faces in each set are mutually vertex-disjoint and each set
contains all the vertices of G'. Therefore, P(j + 1) follows from P(j) and since G
is bipartite by Corollary 3.1.7, we calculate the genus using Proposition 2.1.3 to
get
ri2 i M0 (j 4 i) 22+ M)

4 2
=14 MW2ZH=24i(j 4 iy — 2).

g(@¥oG) =1+

]

We now consider the family of graphs of the Cartesian product of the j-cube
with the repeated Cartesian product of paths.
Using Theorem 3.5.7, we show that szr)lj P> has a quadrilateral embed-

ding, and consequently, we derive its genus.
Theorem 3.5.9. The genus of Ql(zr)D Py is given by
g(Q™O Py) = 1+ 222 (25(ir — 1) — 1).
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Proof. We let G denote Q 0 P> and note that G is bipartite by Corollary 3.1.7.
We start by first embedding G’ = Q gn Cys as given in Theorem 3.5.7. To
obtain G, we only need to remove 4'r' edges from G’ between a copy of Ql-

with one orientation and another copy of reverse orientation. The only way
these two copies are connected is through 2%~ handles, therefore, we remove
these 2%~2r' handles and the edges on them. The faces we have reintroduced are
quadrilateral, since the embedding of G’ is quadrilateral, producing a quadrilat-

eral embedding for G. By Proposition 2.1.3, the genus of G is given by,

g(szr)D Py) = 1+ 2% 1sri(ir — 1) — 2272/
= 142272/ (2s(ir — 1) — 1).

]

As we restrict the next result to paths on an even number of vertices, let
mU) denote Zk | - whilst noting that for k € {1,...,j}, my is even, restricting
the repeated Cartes1an product H; to paths on an even number of vertices only.

Using Theorem 3.5.9, we establish the genus of szr)lj H

Theorem 3.5.10. The genus of Q 0 H; is given by
g(szr)D Hj) =1+ 224572 MDD (i + j — mU) — 2).

Proof. We let G denote Q 0 H;. The proof proceeds by induction on j, where
the property P(j) is as follows: There is a quadrilateral embedding of G, with
fi= 2214 M) (j + ir — m()), including two disjoint sets of r'22+/~2 M) mu-
tually vertex-disjoint quadrilateral faces each, such that each set contains all the
1224 MU) vertices of G.
For j = 1, the quadrilateral embedding of Q 0 P2m1 is given by Theo-
rem 3.5.9. The number of faces f; is given by f; = ’E gn Py, )|, and thus
(2my — 1) (2%r") + (2my) (%)
h= >
= 2271 (2my — 1+ 2myir)
= 2%y <1 +ir — L) .

27”]11
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which conforms to the number of expected faces as stated by P(1). The first
disjoint set of faces may be chosen by selecting opposite faces from alternate
links, and the second set of faces may be formed by choosing the remaining
tfaces from the same handles in each chosen link. Therefore, each disjoint set
would contain 2my(2%~2r') = 2%~1yim; quadrilateral faces. This follows since

from 2mq — 1 links, (2"1{11 are chosen, where each link has 2% =2 handles and

only two faces are chosen from each handle. The faces in each set are mutually
vertex-disjoint and each set contains all the vertices of szr)[j Py, therefore,
P(1) holds.

Assuming P(j) is true, we will show that P(j + 1) also holds. The graph we
(2r)
i

G’ as described by P(j). Assign 1,1 many copies one orientation and the other

are considering is G’ = Q;"’0J H;; . First, minimally embed 2m;; copies of
mjy1 copies the reverse orientation. This partition corresponds to the vertex-
set partition of Py, ,. From each copy of common orientation, except the end
copy, of G, two links are to be made, all to copies of reverse orientation. We can
construct these links using r2%+/~2M() handles, where each handle carries four
edges so that each new face formed is a quadrilateral. In this manner, the graph
G’ is embedded after constructing the 2m; 1 — 1 links.

The number of faces f;1 in G"is fi1 = 2mj 1 f; + f, where f denotes the
number of new faces introduced by the handles. Note that
f= 2(2mj 1 — 1)(r22+i-2MU)) since we have 2mj;q1 — 1 links, with each link
requiring /22+7-2MU) handles and the difference in the number of faces is two

per handle. Therefore,
frer = 2mpy (PHMO (i — m ) 4 @y — 1) (2 M)
_ yig2itipg(40) (g j— ) 4 2L
2mj 1

= 2 MUY (i 4 j + 1 — mUHD),
This satisfies the expected number of faces as stated by P(j + 1). Next, we have
to construct the two disjoint sets of faces. The first disjoint set of faces may be
chosen by selecting opposite faces from alternate links. The second set of faces

may be formed by choosing the remaining faces from the same handles in each
chosen link. Therefore, the disjoint set would contain 2 [@w (r22ti-2 M)y =
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m ;1221 MU) = 2204714 MU+D quadrilateral faces. This follows since half
of the 2m; 1 — 1 links are chosen, where each link has ri22+1=2 () handles and
only two faces are chosen from each handle. The faces in each set are mutually
vertex-disjoint and each set contains all the vertices of G’. Therefore, P(j + 1)
follows from P(j) and since G is bipartite by Corollary 3.1.7, we calculate the
genus using Proposition 2.1.3 to get
ri22i+jM(j) i +ir — m(]) 22i+jriM(j)

QMO H) =1+ (ﬁ ) 5
1 AR RMO 4 i — ) — 2O,
= 1422727 MU (ir + j — mV) — 2).

O

We note that even though the path is not a regular graph, the graphs of the
form ngr) [JH; also have a quadrilateral embedding.

3.6 | Genus of S3[1P,.

In this section, we consider another family of bipartite graphs, namely the the
Cartesian product of the star on three vertices with a path.

Definition 3.6.1. The Cartesian product of the star K; ; and the path P,, denoted
by Ky,s0Py, is a graph on (r + 1) (s + 1) vertices (u;, w;) for 0 <i <sand 0 < j <r.
Its (s 4 r + 2sr) edges are made up of adjacent pairs of vertices as follows,

1. (uo, wj) and (u;, wj)for 1 <i<sand0 < j <r (forming the stars), and
2. (ui,w]-) and (u,-,wjﬂ)for 0<i<sand 0 <j<r—1/(forming the paths).

The result stated hereunder which determines a lower bound for the ori-
entable genus of K 3[1P,,1 is also new and was derived while pursuing the
crossing number of Kj 3L1P,;1 on any surface S. The corresponding paper is in

its final writing stages.
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Lemma 3.6.2. For r > 1, the orientable genus of K 3UP, 1 is given by

r—1
§(K130P 1) > [ > w

Proof. The proof proceeds by induction on r. We split the base case into odd and
even cases. For the odd base case, K; 300P; is a planar graph, thus g(K; 300P;) =
0, satisfying that g(Kj3P,) > (%1 = 0. For the even base case, we note
that Kj 300P; contains a subgraph H homeomorphic to K33, thus g(K; 300P;) >
1. This is illustrated in Figure 3.10, where the coloured vertices represent the
vertices of H, which is obtained by deleting edges e¢; and e;. The embeddings

for the base cases are found in Figure 3.10.

€2

(a)

(b)

Figure 3.10: (a) : Kq 30P;, (b) : K 300P; with K3 3 homeomorph

The induction hypothesis states that g(K;30P,) > [%52] for all h < 2k.
We need to show that ¢(K;30Py 1) > k and g(K;30Py 2) > k. Suppose
that g(K130Py11) < k. Thus, k —1 > ¢(Kyi30Py.1) > g(Ki30OPy) = k,
by the inductive hypothesis, which is a contradiction. Similarly, suppose that
(K1 30Pyky0) < k. Thenk —1 > ¢(Kq130Pykin) > (K1 30Pyy1) > k, by the

result above, which is a contradiction.

Therefore, g(Ki 300Ps; 1) > k and g(Kj 300Ps;15) > k as required.
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Genus of several direct product
graphs

In this chapter, we consider the direct product of several bipartite graphs. Fo-
cusing on the direct product of two bipartite graphs, the results of this chapter
are summarised in the theorem below.

2(4(pg)* — (p+9)*+1), ifG = Kyppgand H = Kapoy,
Theorem 4.0.1. (G x H) =< 2, if G = Cyrand H = Cy,
201+12=3(j1jp — 4) + 2, if G=Q; and H = Qj,.

4.1 | General Results

First, we introduce some introductory results on the direct product of two graphs
which we will use in the proofs for this chapter.

Lemma 4.1.1. Let G and H be two connected graphs on ny and ny vertices respectively
with my and my edges, respectively. The direct product G x H has n = nyny vertices

and the number of edges m is 2mymy. Moreover, a vertex (x,y) in G x H has degree

degc(x)degr (v).

Proof. Let G and H be two connected graphs on 17 and 1, vertices respectively.
By definition, the vertex-set of G x H is V(G) x V(H), thus, the number of ver-

tices is nyny.
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Chapter 4. Genus of several direct product graphs 4.1. General Results

Let (x,y) € V(G x H) whose degree is denoted by degg g ((x,y)). Let (u,v)
be another vertex in G x H. Then, (x,y) and (1, v) are adjacent to each other in
G x H if and only if x is adjacent to u in G and y is adjacent to v in H. Fix the
vertices x and u in G. Then, (x, y) is adjacent to (u,v) for any v € V(H) such that
y and v are adjacent in H. The vertex y has precisely degy(y) vertices adjacent
to it in H, thus, (x,y) is adjacent to degy (y)-many vertices of the form (u,v) in
G x H. For each one of these adjacencies, there are degg(x) vertices adjacent to
xin G. Thus, degcxy((x,y)) = degc(x)degr (y).

We calculate the number of edges by the Handshaking Lemma in Lemma 1.1.1
as follows.

2m = ) deg((v1,v2))

(Ul,vz)EV(GXH)

= ), deg(vi)x ), deg(va)

0,€V(G) 0eV(H)
= 2|E(G)|.2|E(H)| by applying the Handshaking Lemma to G and H
= 4mymy

= m = 2mymy.
O

By simple induction, we can extend the result to the direct product of r
graphs as follows. We shall denote the direct product of r graphs Gy, Gy, ..., G,

Corollary 4.1.2. Let Gy, G, ..., G, be connected graphs and let G = X}_; G;. Then,
the number of edges of G is given by 2" TT'_; |E(G;)|. Moreover, for a vertex v =
(v1,02,...,0r) € V(G), the degree of v is given by

degc(v) = degg, (v1).degc,(v2). ... degc, (vr).

We state more elementary results on the direct product of two graphs, how-
ever, we omit the proofs of these theorems because, even though they are not
difficult to present, they are not in the scope of this study. The following theo-
rem characterises connectedness for the direct product of two graphs.
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Theorem 4.1.3. [13, 26] The direct product of two connected graphs is connected if and
only if at least one of them has an odd cycle.

Next, we state a characterisation of bipartiteness for the direct product of two
graphs.

Theorem 4.1.4. [26] The direct product of two graphs is bipartite if and only if at least

one of them is bipartite.

In this chapter, we will be considering bipartite graphs and their direct prod-
ucts. Thus, these families of graphs do not have odd cycles and so, their direct
product is disconnected. More importantly, when two graphs do not have any
odd cycles, then their direct product will have exactly two components, as stated
in the result below.

Corollary 4.1.5. [13, 26] If G and H are two connected graphs with no odd cycles, then
G X H has exactly two connected components.

A I-factor in a graph G is a 1-regular spanning subgraph of G, thus, the edge-
set of a 1-factor is a perfect matching in G. The following definition allows us to
establish an embedding for some families of direct products of bipartite graphs.

Definition 4.1.6. [31] Let G be a connected bipartite graph such that V(G) = VUV,
and each edge has one vertex from Vi and the other from V,. We say that G has a
diagonalizable quadrilateral embedding (DQE) in some surface S if:

1. G — S is a quadrilateral embedding,

2. there exists a graph G' = (V,E') having an embedding G' — S and a 1-factor
F such that both vertices of each edge of F are from Vy or from V, and (G’ —
S)—F=G—S.

If G is disconnected, then it has a DQE if each component has a DQE.

From now onwards, the edges of F will be referred to as diagonals.

From Corollary 4.1.5, it is easy to see that several of the results in this chap-
ter will include disconnected graphs. Let G be a graph on n vertices and m
edges with k components labelled Cy,Cy, ..., Cy, each with n; vertices and m;
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Chapter 4. Genus of several direct product graphs 4.1. General Results

edges, fori € {1,...,k}. If G has a DQE, then each component has a quadri-
lateral embedding on some surface S, therefore, the genus of each component is
g(C) = ¢ — 3 +1,fori € {1,...,k} by Proposition 2.1.3. As a consequence of
this and Corollary 1.2.12 stating that the genus of a graph with k components is

the sum of the genera of its components, we get that

k
g(G):Zg(Ci)

k
- ;(———“) 1)
_ my+mo + ...+ my n1+n2+...+nk+k

4 2

m n

—Z—E—Fk.

We will often employ this formula when calculating the genus of the direct prod-
uct of two (or more) bipartite graphs. Another definition which will be used in
the main theorem of this section is that of a generalised embedding scheme as
given by Stahl [23]. For this purpose, we first define a voltage map.

Definition 4.1.7. Let B be a finite group and let G be a graph whose edges have been
assigned plus and minus orientations. Then the function A : E(G) — B which assigns
a value from B to each edge of G is called a voltage map.

Using this definition, we can define a generalised embedding scheme.

Definition 4.1.8. A generalised embedding scheme (P, A) for the graph G, consists
of a rotation system P and a voltage map A on G with values in Z;.

Next, we define what it means for a graph to be irreducible.

Definition 4.1.9. For a graph G to be irreducible, it is either a single vertex or every
vertex has degree at least three.

Another useful definition when considering generalised embedding schemes

is the number of one’s that are assigned to the edges of a cycle in a graph.
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Chapter 4. Genus of several direct product graphs 4.1. General Results

Definition 4.1.10. Let G be a graph with generalised embedding scheme (P, A) having
a cycle C. C is said to be A-trivial if it contains an even number of edges ey, ey, . . ., ek
such that foralli € {1,...,k}, A(e;) = 1.

As a consequence, Stahl found a characterisation relating generalised em-
bedding schemes with orientable embeddings of graphs, given in the theorem
below.

Theorem 4.1.11. [23] If G is an irreducible graph, then the embedding scheme (P, \)
defines an orientable embedding of G on a surface S if and only if every cycle of G is
A-trivial.

The first general result shows what conditions are necessary for the direct

product of two graphs to have a DQE.

Theorem 4.1.12. [31] Let G and H be graphs, with G being a bipartite graph. If G
has a diagonalizable quadrilateral embedding, then the direct product G x H also has a
diagonalizable quadrilateral embedding.

Proof. Here, we prove a stronger result, namely thatif f € F is a diagonal joining
vertices x and y from G, then there exists a diagonal f, joining (x,u) to (y,u)
from G x H, for eachu € V(H).

For two vertex rotations Py = (p1,...,pr) and P, = (q1,...,qx), we define
P} U P, to be the permutation (p1, ..., pr, q1,---,qx), we denote by P; x {u} the
permutation ((p1,u),...,(pr u)). For brevity, we shall write (a,b) instead of
((x,v), (a,b)) in Py, and similarly, we shall write b instead of (x,b) in Q.

The proof proceeds by induction on the number of edges m of H.

For the base case, we consider the case when m = 1, thatis, H = K,. Label
the vertices of H by u and v. Since both G and H are bipartite graphs, then
by Theorem 4.1.4 G x H is also bipartite, therefore, by Corollary 4.1.5, G x H
has exactly two components. It turns out that both of these components are
isomorphic to G since a vertex (x,w) in G x H is adjacent to (y,z) if and only
if x is adjacent to y in G and w is adjacent to z in H. However, H has only one
edge so, without loss of generality, we let w = u and z = v. In this way, the first
co-ordinate of the vertices adjacent to each other in G x H reflect the adjacencies
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Chapter 4. Genus of several direct product graphs 4.1. General Results

in G, whilst the second co-ordinate alternates between u and v, making each
component isomorphic to G.

Let (Q,A) be an embedding scheme which describes a DQE for G in some
surface S. Using this embedding scheme, we define the rotations and voltage
assignments for G x K3 as follows. For each x € V(G), let Q, denote the rota-
tion at x, then, Q}, = Qx x {v} and Q’, = Qy x {u}. Also, the voltage map
A is defined by A ({(x,u), (y,v)}) = M ({(x,v),(y,u)}) = A({x,y}) for each
xy € E(G). We can see that Q' = {Q), : x € V(G),z € V(K;)} describes a
quadrilateral embedding for the two components of G x K. Additionally, if a
diagonal f joins vertices x and y in G, then we can choose diagonals in G x K
such that f; joins (x,z) with (y,z), for z € V(K;). Therefore, (Q’, A’) represents
a DQE.

Now suppose that the result holds for any graph having m edges and con-
sider the graph H that has m + 1 edges. Let ¢ = uv be an edge of H such that
degpy(v) > 1 and H' = H — e is connected. By the induction hypothesis, the
graph G x H' has a DQE on some surface S. We represent the embedding by an
embedding scheme (P, A;) where P = {Py, : x € V(G),y € V(H')}. We also
consider an embedding scheme (Q, A) that describes a DQE for G. Let x,4a,y,b
be a quadrilateral face in G such that the vertices x and y are connected by a di-
agonal f; situated inside the face. Then, in G x H’, the vertices (x,v) and (y,v)
are to be connected through a diagonal f], and similarly, these vertices are to be
connected by a diagonal fi, in G x Ky, where E(K;) = e = uv. Therefore, the
rotations mentioned for G have the following form:

Qcr=(ac ... b),
Qy=(bd ...a), (4.2)
Qu=(wywy ... wy) forw € V(G) \ {x,y}

Meanwhile, the rotations given by P have the following form:

Py = ((x1,01) (x2,02) ... (xn,0r)),
Pyo = ((y1,01) (y2,92) --. (¥, 05)), (4.3)
Py = ((x}, wh) (x5, wh) ... (x5, w;)) otherwise.
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We now define the rotations for G x H from Equation (4.2) and Equation (4.3) as
follows:

Py, = Pro U (Qx x {u}),

Py, = Py U (Qy x {u}),

P = Qx x {0},

P, = Qy x {0}, (4.4)
P, = Qu x {u}, forw € V(G) \ {x,y}

P, = Qu x {v}, forw € V(G) \ {x,y}
Py

1w = Py, otherwise.

For an edge e in G x H that is also in G x H’, its label A'(e) = A;(e), whilst for
an edge e = {(x,v), (y,u)} for some xy € E(G), A'(e) = A(xy).

If the degree of u is one, then we are done. If not, we simply interchange u
with v and repeat the process above. By repeating this process for each of the di-
agonals f>, ..., f we obtain a quadrilateral embedding of the graph G x H rep-
resented by (P’, A’). The final embedding is orientable by taking the labelling in
A to be zero everywhere, and thus, A’ constantly labels every edge by zero. Since
any cycles in the graph have zero edges labelled by one, then, there is an even
number of edges e such that A’(e) = 1. The result follows by Theorem 4.1.11. [

By M("), we denote the product [T,_, |E(G;)| and similarly, N(") denotes the
product [T;_; |V(G;)|. Next, we establish a formula for the genus of this product
when a number of these graphs are bipartite.

Theorem 4.1.13. [31] Let the connected bipartite graph Gi have a quadrilateral em-
bedding. Let Gy, ..., G, be connected graphs, k of them bipartite. Then, the genus of
Xi_q1 Gj is given by,

r B , NO
g <>< Gi) =23 M) — T+2’<.

i=1

Proof. Since G; is a bipartite graph with a quadrilateral embedding, then it has
an even number of vertices, which allows it to have a diagonalisable quadri-

lateral embedding by adding edges between vertices in the same partite set
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in such a way that they are pairwise disjoint and cover all the vertices of Gj.
Applying Theorem 4.1.12 r — 1 times, we get a DQE for G; x --- X G,. The
number of vertices of Gy x - - - x G, is N"), the number of edges is 2"~ M(") by
Corollary 4.1.2 and the number of components is 2¢ by Theorem 4.1.4 and Corol-
lary 4.1.5. Substituting these values in Equation (4.1), we get that g (X}_; G;) =
23 M) — N ok O

k
4.2 | Genusof X_; ;_; Kap 2,

We first find an orientable DQE for K2, then, we take the direct product of

several complete bipartite graphs and establish the genus.
Theorem 4.2.1. [31] The graph Ky, 24 has an orientable DQE for each p > 1,q > 1.

Proof. We first construct a quadrilateral embedding of K3, given in [21, 28],
also found in Remark 2.1.4 and Lemma 2.1.5. Then, fori = 1,3,5,...,2p — 1,
we join the vertices i and i + 1 in the quadrilateral 7,2p 41,7 4+ 1,29. We also
join the vertices j and j+ 1, for j = 2p +1,2p 4+ 2,...,29 — 1 in the quadrilat-
eral 1,j,2p,j + 1. The diagonals cover all the vertices of K3, and are pairwise

disjoint. Thus, we have found a suitable orientable DQE. O

Next, we employ Theorem 4.1.12, Theorem 4.1.13 and Theorem 4.2.1 to es-
tablish the genus of the direct product of several complete bipartite graphs. For
the direct product of complete bipartite graphs Ky, 24, X Xk, Ky, 4., welet M (k)
denote the product [T_; p;q; and N®) denote the product [T5_ (p; + 4:)-

Corollary 4.2.2. [31] The direct product of Koy, 24, with other complete bipartite graphs
Ky, i fori=2,...,k, the genus of G = Kap, pg, X x5, Ky, q; is given by,

g(G) =251 (M™ +1) — N,

Proof. By Theorem 4.2.1, K3y, 24, has an orientable DQE, therefore, by applying
Theorem 4.1.12 k — 1 times we get that G also has a DQE. The number n of
vertices of Gis n = (2p1 +241)(p2 +q2) - .. (px + qx) = 2N, The number of
edges m of G, given by Corollary 4.1.2, is 2K~ (4p1q1 [T, pigi) = 2k M),
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By Theorem 4.1.13 the genus is given by,

k+1 p (k) (k)
3(G) =2 iw - 21\; + 25 =25 (M®) 1) — N

]

For the special case when all the complete bipartite graphs have even partite
sets, the number of vertices is given by n = 2fN(*), the number of edges is
given by m = 23~1(pq)¥ and the number of components remains 2~ 1. Thus, by
substituting these values in Theorem 4.1.13, the genus of X*_, K324 is given by
the formula below.

Corollary 4.2.3. [31] The genus of X*_, Kopg, for p > 1and q > 1 is given by,

k
g <>< KZp,Zq) =212 2 (pg)f — (p+ 9)F +1).

i=1

4.3 | Genus of X* , C,.

In this section, we start by establishing a diagonalisable quadrilateral embed-
ding of the direct product of two cycles C, and C;. Then, we show that the genus
of the direct product of two even cycles is two whilst the genus of two cycles is
one otherwise. By proving these two results, we then establish the genus of the
direct product of several cycles.

We describe a diagonalisable quadrilateral embedding of the direct product
of two cycles C; and Cs.

Theorem 4.3.1. [31] The direct product of two cycles C, and Cs has a quadrilateral
embedding. Moreover, this embedding is a DQE if and only if at least one of the cycles

is an even cycle.

Proof. Denote the vertices of the first circuit by 1, ..., r and those of the second
circuit by 1,...,s in the cyclic ordering. Fori € {1,...,r} and j € {1,...,s},
define the rotations at a vertex (i, j) of C, x Cs as follows:

Pi=((i—1j-1)(—-1j+1) (i+1j+1) (i+1,j-1)). (4.5)
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Then, let P : E(C, x Cs) — E(C; x C;) be defined by P((x,y)(u,v)) = (1,v) Puu((x,y)).
Then, the orbits under P, given in 4.6, correspond to quadrilateral faces of the
embedding of C, x Cs. The collection of permutations Py, Pyy, . . ., Prs as defined
in Equation (4.5) describes a quadrilateral embedding for each component of
C, x Cs.

{G)),(+1,j+1),(0+2,)),(i+1j-1)}. (4.6)

We have yet to show that this quadrilateral embedding can exhibit a DQE.
If both r and s are odd, then the number of vertices of C, x Cs is odd, therefore,
it cannot have a DQE. Hence, suppose r is even. The vertices (i,j) and (i + 2, f)
can be connected by a diagonal fori = 4k+1andi =4k +2,fork =0,1,2,...
and j = 1,...,s. In this way, all the diagonals are pairwise disjoint and all the
vertices of C, x C, are covered. O

Next, we introduce a result by Farzan and Waller [8] about the planarity of
the direct product of two cycles.

Theorem 4.3.2. [8] The direct product of any two cycles is non-planar.

The proof of this theorem is omitted. Using this result, we can establish the
genus of C;, x C; as follows.

Corollary 4.3.3. [31] The genus of the direct product of two cycles C, and Cs is given
by,

8(Cr x C) =

2, ifrisevenand s is even,
1, otherwise .

Proof. By Theorem 4.1.3, the direct product of two cycles is connected if and only
if one of them is an odd cycle. If both r and s are even, then, by Corollary 4.1.5,
Cr x Cs has exactly two components. Therefore, by Theorem 4.3.2 and Theo-
rem 1.2.10, g(C, x Cs) > 2. All that is left to show is that each component of
C; x Cs can be embedded on the torus, or equivalently, S;. First, embed C, x Cs
using the quadrilateral embedding given in Theorem 4.3.1. The number of faces
fx of any component K in this embedding is =X, where mg denotes the num-

ber of edges in K. Every vertex in the component has degree four since all the
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vertices in C; X C; have degree four, and if some vertex v in K has a smaller de-
gree, then it must be connected to some vertex in another component, meaning
that this vertex should also be in K. By the Handshaking Lemma, the number
of edges in a component is twice the number of vertices ng in that component.
Finally, by Corollary 1.2.8 we get,

2—2g(K) :nK—mK—l—fK
= 28(K) =2 — ng +myg — fx

mg mg
—y_ K _ 7K
2 TMKT 5
=2
= g(K) =1.

Therefore, both components of C, x Cs have genus one and by Theorem 1.2.10,
2(Cr x Cg) = 2. Meanwhile, if either r or s is odd, C, x C; is connected and by
Proposition 2.1.3, g(C, x Cs) = 1+ & — 2 =1. 0

As a result of Corollary 4.3.3, we proceed by establishing the genus of the
direct product of several cycles. Let N¥) be the product [T¢_; 7;.

Corollary 4.3.4. [31] Let G be the graph Cpr, X Xi-‘zz Cy, and let s be the number of
even cycles among C,, fori € {2,...,k}, thatis, s = [{r; : 2 < i < k,r; even}|. Then
the genus of G is given by,

g(G) = NW (282 1) 4 2°,

Proof. Firstly, the direct product Cy,, x C;, has a DQE by Theorem 4.3.1. There-
fore, G has a DQE by successively applying Theorem 4.1.12. The number of ver-
tices of G is given by 2N*) whilst the number of edges is given by m = 2KN ().
Substituting these values in Theorem 4.1.13, we get that,

2kNK) - aN(R)

. s
8(G) =— 7 T2

= N® (k2 1) 425,
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As a special case of Corollary 4.3.4, we consider the case when r; = 2r, for all
ie{l,... k}.

Corollary 4.3.5. [31] The genus of X*_, Co, is given by,

k
g <>< Czr> =21k (22 1) 4 1).
i=1

4.4 | Genus of X} ; Q;.

Similarly to previous sections in this chapter, we first find a quadrilateral em-
bedding of the j-cube Q;, then show it has an orientable DQE. Finally, we take

the direct product of multiple j-cubes and determine its genus.
Theorem 4.4.1. [31] The graph Q; has an orientable DQE whenever j > 2.

Proof. We first start by constructing a quadrilateral embedding for Q;, which is
given in [1, 19, 28], also found in Theorem 3.5.5. The vertices of Qj are labelled
by some binary sequence a14; . . . a; where two vertices are adjacent to each other
if and only if their sequences differ by exactly one bit. Note that Q; is bipartite,
with the partite sets being A = {a : a has an even number of 1’s} and B = {b :
b has an odd number of 1’s}.

Let a be some binary sequence of length j — 3. Then, inside the quadrilateral
0400 0401 1401 1400, we can add the diagonal 0200 1401 since these two vertices
differ in exactly two places. Similarly, we add the diagonal 0201 1411 inside the
quadrilateral 0201 0411 1411 1401, the diagonal 0a11 1410 inside 0a11 0a10 1410 1a11,
and the diagonal 0410 1200 inside 0210 0200 1400 1410. Note that for any a, the
diagonals listed above are pairwise disjoint.

Let S be the set of all binary sequences of length j — 3. Then, the set of diag-
onals

U F. = |J {0400 1401, 0201 1411, 0411 1410, 0410 1200}
aes acs

covers all the vertices of Q;, making U,cs F, a 1-factor. Also, note that each
diagonal in F has either both vertices in A or both in B. Therefore, we have
found a suitable DQE for Q);. Il
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As a result of Theorem 4.1.12, Theorem 4.1.13 and Theorem 4.4.1, we can
establish the genus of the direct product of several j;-cubes as follows. For the
following result, let ) = [T5_, j;.

Corollary 4.4.2. [31] Fori € {1,...,k}, let j; > 2. Let j = j1 + ...+ jx. Then, the
genus of XX Qj; is given by,

k
g <>< jS) =273(J0 —4) 4251,
i=1
Proof. Fori € {1,...,k},let G; = Qj;- By Theorem 4.4.1, G; has a DQE, thus, by
applying Theorem 4.1.12, G; X G; also has a DQE. By applying Theorem 4.1.12
for k — 1 times, we get that X*_; Q;, has a DQE. The number of vertices in

this product is given by 2/ whilst the number of edges m is given by m =
k-1 Hi.‘zl i1 = 2/=17(k)  Therefore, by Theorem 4.1.13 the genus of Xi-‘zl Qj.

is,
2j—1 2j .
e(X ) =2 G a2

If jj=rforalli € {1,...,k}, then, the genus of Xi'(:l Q; is as follows.

Corollary 4.4.3. [31] The genus of XLI Qy is given by,

<><Q ) =273k —4) 421,
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Conclusion

5.1 | Summary of Results

Here we present the main results covered in this dissertation. The first family
of bipartite graphs encountered was the complete bipartite graph K, ;, whose
genus is given by the following theorem.

Theorem 5.1.1. [3, 21] The genus of the complete bipartite graph K, 4 is given by

S = [27220=2]

Chapters 3 and 4 respectively cover the Cartesian product and direct product

of families of bipartite graphs. We shall group together some results on the two
products of families of bipartite graphs in order to be able to easily compare
the genus of each of the two product graphs. We begin by first considering the

complete bipartite graph, whose partite sets are even.

Theorem 5.1.2. [28, 31] The genus of the product of two complete bipartite graphs
Kop2p and Koy o4 is given by,

1+4pg(p+q—2), if = denotes the Cartesian product,

8(Kap,2p * Kagg) =
g i 2(4pq(pq — 1) + 1), if * denotes the direct product.

From this, we derived the genus of the repeated product of complete bipar-

tite graphs as follows.
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Theorem 5.1.3. [28, 31] The genus of the repeated product of the complete bipartite
graph Kpp oy for k times is given by,

1+ 2%=2pk(pk — 2), if 3k denotes the repeated Cartesian product,
pk=1(2k=2p2k _okpk 1 1), if 5k denotes the repeated direct product.

g (¥ KZPIZP) = {

Next, we focused on another well-known family of bipartite graphs, namely

even cycles.

Theorem 5.1.4. [28, 31] The genus of the repeated product of two even cycles Cy, and
Cys is given by,

1, if * denotes the Cartesian product,

g(CZT * CZS) = {

2, if * denotes the direct product.

From this we were able to establish the genus of the repeated product of
cycles Cy,,. Let M (k) denote Hi‘:l ri.

Theorem 5.1.5. [28, 31] The genus of the repeated product of k even cycles Cy,, is given
by,

14 22M0) (k — 2), if % denotes the repeated Cartesian product,
k=100 (2k=2 _ 1) 4-2K=1 i %k denotes the repeated direct product.

8 (* CZ?:‘) = {

Apart from these families of bipartite graphs, we have considered the Carte-
sian product of paths. The Cartesian product of j paths for j > 2, is defined
recursively as follows,

Hy = Py,

Hj = H;_10Py,.

Whilst all paths are bipartite, we restrict the first three paths to be on an even
number of vertices. Let M) be defined as before and let m(®) = 2521 mil The
following theorem establishes the genus of Hj, where the first three paths in the

product are all on an even number of vertices.
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Theorem 5.1.6. [28] The genus of Hj, for j > 3 and my, my and m3 all even, is given
by
M) (j—2— m(i))
1 :
Then, we also established the genus of the j-cube, which is the repeated

g(H]) =1+

Cartesian product of Kj.
Theorem 5.1.7. [1, 19, 28] The genus of the j-cube is given by
9(Q) =1+27(j - 4).
In Chapter 3, we have also presented some new results concerning the Carte-
sian product of the 2r-cube szr) with the repeated Cartesian product of even cy-
cles G; and with the repeated Cartesian product of even paths H;. These results,

found in Theorem 5.1.8 and Theorem 5.1.9, were submitted to a peer-reviewed

journal for eventual publication.
Theorem 5.1.8. The genus of szr)D G; is given by
2(Q*0Gj) = 1+ MU2HH24i(j 4 ir —2).
Theorem 5.1.9. The genus of QlQr)D H; is given by
g(QPO Hy) = 1+ 2212 M0 (ir + j — mlD) - 2).

The Cartesian product of the family of graphs Kj3[1P,;1 was also estab-
lished, as stated in the theorem below. This result is also to be submitted to a

peer-reviewed journal.

Theorem 5.1.10. For r > 1, the genus of Ky 301P,1 is given by

r—1
g(Ki30P4q) = [ > —‘

Another result worth mentioning is the repeated direct product of j-cubes.

Let MY denote [T¥_, ji, then the genus is given in the theorem below.

Theorem 5.1.11. [31] For i € [k, let G; = Qj, with j; > 2. Letj = j1 + ...+ jk.
Then, the genus of ><f~‘:1 Qj, is given by,

k
. (>< QJ,) _ 23 (M® _ 4) 4 21
i=1
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5.2 | Relationships

There are some asymptotic results proven by White [29] which relate the genus
of a family of graphs to another. One such result concerns the genus of the
Cartesian product of two k-partite graphs with the genus of a k-partite graph.

Theorem 5.2.1. [29] For s > r'*€, where e > 0 and s tending to infinity, g(Ki(,OKj(s)) —
krg(Ky(s)), for all natural numbers k > 1.

Proof. From Theorems 3.1.1 and 3.1.2

max (krg(Ki(s)) + 8(Kk(r)), ksg(Ki()) + 8(Ki(s)))
< 8(Kk(r)BK(s)) (5.1)
< krg(K(sy) + ksg(Ki(r)) + (K2mn — k(m +n) +1)

Divide throughout by krg(Kj ) and take the limit as s approaches infinity.

Claim:
i 8 (Ki(r))
m

O g
s—o0 mg(K(s))

Proof: By Lemma 1.2.9,

k(k —1)s? — 6ks + 12

and
g(Kk(r)) < g(Kkr)
B [(kr —3)(kr —4)]
N 12
- k2r? — 7kr + 24
12
It then follows that
K
s—00 7g(Ki(s))
22
< Iim s(k“re — 7kr + 24) _

~ s—oor(k(k —1)s? — 6ks + 12)
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|
The right-hand side of (5.1) can be evaluated to obtain:
K
max 1’ S llm g( k(r)DKk(s)) <
kr) = s=e krg(Kys))
Therefore,
Ky LK
im 8 (Ki(r) Kk (s)) L
svoo krg(Ky(s))
O

As a consequence, for k = 2, we get a result for bipartite graphs.

Corollary 5.2.2. For s > r'*€, where € > 0 and s tending to infinity, ¢(K, ,OKs) —
2rg(Kss)-

5.3 | Future Work

Whilst this study covered some of the most well-known and commonly used
families of bipartite graphs, there are other graphs and graph products to be
considered. Below we provide three possible extensions to this study to further

investigate the problem of determining the genus of a graph.

5.3.1 | Other Families of Graphs

Apart from bipartite graphs, there are several other families of graphs with
known genera. This includes the complete graph K, whose genus was found
by Ringel [20] as a consequence of the "Map Colour Conjecture".

Theorem 5.3.1. [20] The genus of the complete graph K,, for p > 3, is given by

stk = [2=2=9)

White [28] also found an asymptotic relationship between the genus of a

complete graph and the genus of the Cartesian product of two complete graphs,

as stated in the theorem below.
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Theorem 5.3.2. [29] For g > p'*¢, where € > 0 and q tends to infinity, g(K,0K,) —
p8(Kq).

5.3.2 | Other Operations on Graphs

The Cartesian and direct products are two of the main products on graphs, how-
ever, there are results on other graph products worth mentioning, namely the
lexicographic product and the join of two graphs.

Definition 5.3.3. [13] The lexicographic product of two graphs G and H is the graph
G o H whose vertex-set is V(G) x V(H) and a vertex (u,v) is adjacent to another
vertex (u',v") ifuu’ € E(G) or u = v’ and vo’ € E(H).

Next, we present a general result on the lexicographic product of two graphs.

Theorem 5.3.4. [5] If G is a nontrivial, connected graph on n vertices and m edges
with minimum degree at least 2, and H is a graph on an even number of vertices 2r,
then

g(G[H]) < r*m —rn +1,

with equality if G is triangle-free.

As a consequence, this theorem can be applied to several families of graphs,
including cycles, the j-cube and complete bipartite graphs. For another interest-
ing result, we need the following definition.

Definition 5.3.5. [4] The join of two vertex-disjoint graphs G and H, denoted by G +
H, has vertex-set V(G + H) = V(G) U V(H) and edge-set E(G + H) = E(G) U
E(H)U{uv:u € V(G),v € V(H)}.

The next theorem states that there is a triangular embedding for two families

of joins of graphs.

Theorem 5.3.6. [16] There is an orientable embedding of Kaerye + Ki40i for i €
{1,...,12t} and t > 1, and of Kzgt118 + Kyyoi fori € {1,...,12t +4} and t > 0.

Another interesting result relates the genus of the join of two complete graphs

to the genus of the complete bipartite graph.
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Theorem 5.3.7. [7] Suppose q is even and q > 2. Then g(K, + K;) = g(Kpq) =
{—(ple(qu)w forall p > gq.

5.3.3 | Open Problems

In Chapter 3, we established the genus of K; 301 P;, but the genus of the Cartesian
product K ;L1 P, is still an open problem.

Problem 5.3.8. What is the genus of Ky ;U Py, for any s and r?

There is an upper bound of the genus for this family as the crossing number
of this family of graphs is known [2], however, the genus may be significantly
smaller.

Another interesting problem concerns the genus of the complete tripartite
graph Ky , for p > g > r > 1 proposed by White [27], who provided the

following conjecture.

Conjecture 5.3.9. [27] For a complete tripartite graph K, ;. for p > q > r > 1, the

¢(Kpoy) = [(p_Z)(ZH_ZW .

The survey by Wan [25] gives a list of these cases since a number of the cases

genus is given by

of the conjecture above have been solved, however, it still remains as an open

problem.
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Abstract Determining the minimum genus of a graph is a fundamental optimi-
sation problem in the study of network design and implementation as it gives a
measure of non-planarity of graphs. In this paper, we are concerned with deter-
mining the smallest value of g such that a given graph G has an embedding on the
orientable surface of genus g. In particular, we consider the Cartesian product of
graphs since this is a well studied graph operation which is often used for model-
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1 Introduction

Ever since their introduction by Sabidussi in 1959 [7], Cartesian product graphs
have been applied in many areas, including in the study of interconnection net-
works and coding theory. Many important classes of graphs such as hypercubes,
Hamming graphs, and prisms, are Cartesian products. This graph product provides
a quick, effective and efficient way of constructing bigger graphs from smaller ones
in such a way that the structure of the smaller graphs is preserved. Hence, Carte-
sian product graphs play a key role in the design and analysis of interconnection
networks.
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Various disciplines which deal with network design are interested in determin-
ing the optimal surface on which a network can be drawn without any of the links
between its nodes intersecting each other. Mathematically, this problem revolves
around determining the surface of minimum genus that permits a given graph to
be drawn on it without edge-crossings. In computer science, the minimum genus
of a graph is also a useful parameter in algorithm design since faster algorithms
can be designed when the topological structure of a graph is known. These algo-
rithms usually assume that the input graph is embedded in some surface, as for
example in [1]. The problem of determining the minimum genus of a graph, albeit
very relevant and applicable, has been proved to be substantially difficult from
the theoretical, practical and structural perspectives. Garey and Johnson listed
its complexity as one of the most important open problems in [2].

The problem of embedding graphs on surfaces other than the sphere dates back
to the Map Colour Conjecture due to Heawood in 1890 [3]. Throughout this paper,
a surface is a 2-manifold (that is, each point has a neighbourhood homeomorphic
to a sphere) and compact (that is, closed and bounded). Surfaces can be classified
into two categories: orientable and mnonorientable. The former are obtained by
adding handles to the sphere, whereas the latter are obtained from the sphere by
adding crosscaps. In this work we restrict our attention to orientable surfaces Sy,
where g is the genus of the surface, that is, the number of handles added to the
sphere Sp. A handle is added to the sphere by removing two disjoint open discs
and identifying their boundaries with the ends of a truncated cylinder.

An embedding of a graph G is a drawing of a graph on a surface such that no
two edges cross. If every face in a drawing of GG is homeomorphic to an open disc,
the embedding is referred to as a 2-cell embedding. Such an embedding in which
each face has four sides is called a quadrilateral embedding. Given a graph G, if G
has a 2-cell embedding on the surface Sy but not on the surface Sg—1, then G is
said to be of genus g and we write g(G) = g.

Thomassen [8] showed that determining the genus of a graph is NP-complete.
Nevertheless, results on the genus can be obtained by considering families of graphs
with specific properties. One of the first results in this area is due to Ringel [6],
who determined the genus of the complete bipartite graph Ky, n. White [9] con-
sidered Cartesian product graphs, where the Cartesian product G1JG2 of two
graphs G1 and G2 has vertex set V(G10G2) = {(v1,v2) : v1 € V(G1) and v2 €
V(G2)} and edge set E(G10G2) = {(vi,v2)(wi1,w2) : (v1 = w1 and vowa €
E(G2)) or (viw1 € E(G1) and v2 = w2)}. He determined the genus of the Carte-
sian product of the complete bipartite graph Kon, 2m with K2, 25, for all natural
numbers m and n. White also considered three families of graphs obtained by tak-
ing repeated Cartesian products, namely the repeated Cartesian product of paths,
the repeated Cartesian product of cycles, and the repeated Cartesian product of
complete bipartite graphs, respectively defined more precisely as follows:

Hj = H; _10Py,;where j > 2 and H1 = P,
Gj = Gj—10C2m;where j > 2 and G1 = Cam,,
Qgs) = Qgs_)lles,swhere i > 2 and Qgs) = Kss.
We remark that

(i) Pn and C, denote the path on n vertices and the cycle on n vertices, respec-
tively;
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(ii) the well-known hypercube @ is H, with m; =2 for all j € {1,2,...,n};
(iii) Qz(-s), also referred to at the s-cube, is a generalisation of the hypercube Q-
since lel) = Qn.

Pisanski [4] generalised White’s result by considering the repeated Cartesian
product of connected regular bipartite graphs on an even number of vertices. In
particular, letting G(n,d), for n > d > 1, denote a connected regular bipartite
graph of degree d on 2n vertices, Pisanski determined the genus of the repeated
Cartesian product of G(n, d)0G1(n1,d1)0G2(n2,d2)0. .. 0 Gy (nm, dm) provided
that max{dl,dg,...,dm} <d<di+da+...+dm.

The aim of this paper is to generalise further the work done on the genus of
the repeated Cartesian product of graphs. In our main results, respectively stated
in Theorem 4 and Theorem 5 hereunder, we determine the minimum genus of the
Cartesian products QgZT)DGj and QgZT)DHj, where i and j are positive integers.
We remark that most of these cases are excluded from the result by Pisanski due
to the condition imposed therein on the degrees, as highlighted later on in this
work.

2 Basic results

An important and well known result about the Cartesian product of two graphs
is given in the following theorem.

Theorem 1 Let G and H be two non-empty graphs. The Cartesian product GOH
is bipartite if and only if G and H are bipartite.

It follows immediately that the repeated Cartesian product of bipartite graphs
is also bipartite.

A direct consequence of Euler’s generalized formula for 2-cell embeddings of a
bipartite graph in any surface is stated below.

Theorem 2 If the bipartite graph G with n vertices and m edges has a quadrilat-
eral embedding in a surface, then g(G) =14+ 3 — 3.

In [9], White proved the following results.
Proposition 1 [9]

1. g(Hj) = 1+% (H{::1 mk) (j —-2- i:l w%) for 7 > 3 and even m1, ma, ms;

2. g(Gj) =1+2972(j —2)T[]_, mx for j >2;
3.g (Qgr)> =1+2"3%(i — 4) for r even and i > 1 or for v € {1,3} and i > 2.

Ringel [6] proved the following result, which we will need in our proofs.

Theorem 3 [6]/ The complete bipartite graph Koy 2r has an embedding on a sur-
face of genus (r — 1)

Another useful result by White in [9] establishes a partition of a set of faces
found in a quadrilateral embedding for Ko, 2., given below.

Lemma 1 [9] For a quadrilateral embedding of Kay 2y, the set of 2r quadrilateral
faces may be partitioned into 2r subsets of r faces each so that each subset of r
faces contains all 4r vertices of the graph.
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3 The Cartesian product of the 2r-cube with cycles

In this section we use a technique developed by Pisanski [5] and White [9], referred
to as the White-Pisanski method, that constructs a quadrilateral embedding for
the Cartesian product of two regular bipartite graphs.

Note that the number of vertices of QEQT) is 22%r% and the number of edges is
122"+ which can be easily derived using induction or the Handshaking Lemma.
We first construct a quadrilateral embedding of QE-QT)D (s and then derive the
genus of this graph.

Lemma 2 The genus of QEQT)D Cas is given by
g(QEZT)D Cas) =1+ 2% Lori(ir — 1).

Proof First, we minimally embed a copy of QEZT) as follows. By Theorem 1,
Ko, 2.0 Kar 2y is a bipartite graph. Using Theorem 3, we embed 47 disjoint copies
of Koy 2, in 4r surfaces of genus (r—1)? such that each embedding is quadrilateral.
Assign an orientation to 2r of these copies and give the reverse orientation to the
other half. This partition corresponds to the vertex-set partition of Ko, 2. All that
is left is to add edges between the 4r disjoint copies to acquire Kor o[ Kor 2.
Note that 4r edges are required to be added between each pair of oppositely ori-
ented copies, which can be done by adding r handles, each carrying four edges.
Such an operation will be referred to as a link. For each surface, there are 27 links
to be made and by Lemma 1, each link is designated a subset of faces from the
partition. We just need to check that after partitioning the faces, the correspond-
ing subsets can be matched correctly. For 1 < <_7— < 2r, each copy <_7— of Koy or
is embedded with common orientation, whilst for 1 < j < 2r each copy j of
Ko, 2, is embedded with the reverse orientation. For some copy 7, its face parti-
tion corgists of 2r il)lbsei)s of r fgces E?‘Ch‘ Match subset k:_>0f tgs fac_e) part_i’)cion to
subset k incopy j + k,1< j + k <2r (mod 2r). If 7 + k = 7'+ k' with
7 = ?/, then, <j— = <j_"7 therefore, each subset of the partition has exactly one
handle attached at each face in that subset. Each handle carries a maximum of four
edges, so that each new face formed is quadrilateral. This process is repeated by
successively introducing the complete bipartite graph Ko, 2, until a quadrilateral
embedding of ngr) is obtained.

Now, to embed QEQT)D C'25, embed 2s copies of QEQT) as described above. We
assign s many copies one orientation and the other s copies the reverse orientation,
corresponding to the vertex-set partition of Ca2s. From each copy of QEQT), two links
are to be made, both to copies of reverse orientation. For each link, 22%r® edges are
to be added and these are passed over 22727 handles with each handle carrying
four edges. By the construction given above and Lemma 1, each copy of ngr) has
2r disjoint sets of 2%°72pr" mutually vertex-disjoint quadrilateral faces that cover
all 2%17% vertices of QE%). Since only two links are to be made from each copy
of QEQT), we choose any two of the available sets. The number of quadrilateral
faces in each set is precisely the amount required to perform a link, as previously

described. Since the embedding of each copy of QgQT) is quadrilateral and each
insertion of a handle introduces more quadrilateral faces, the obtained embedding
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of QEQT)D Css is quadrilateral. Applying Theorem 2, we get

2sir' 1127 4 250727 2sr"2%
4 2

=142 et (ir — 1).

9(QP70 Cas) =1+

O

. J . .
Let M9 = [ my. Note that the number of vertices of G; is 2/ M) and the
k=1
number of edges is j27 M () which follows immediately by induction. We are now in
a position to construct a quadrilateral embedding of QZ(?T)D G and, consequently,
determine the genus of this graph.

Theorem 4 The genus of QZ(-QT)D Gj is given by
g(QPV0 Gy) =14+ MWD 2¥H =285 4 iy — 2),

Proof We let G denote QEQT)D G ;. The proof proceeds by induction on j, where
the property P(j) is as follows: There is a quadrilateral embedding of G, with the
number of faces f; = ri22i+j71M(j)(j + 4r), including two disjoint sets each of
rio2iti=2pr0) mutually vertex-disjoint quadrilateral faces each such that each set
contains all the r*22"t7 M) vertices of G.

For j = 1, the quadrilateral embedding of QgQT)EI Caom, is given by Lemma 2.

The number of faces f1 is given by f1 = 3 E(QE%)D C2m, )|, and thus

(2m1)(22iri) + (2m1)(i22iri+1)
2

2% i . 2 41
St 4 ima 2%

fi=
:m12

= 2% mar' (1 + ir).

which conforms to the number of expected faces as stated by P(1). The first
disjoint set of faces may be chosen by selecting opposite faces from alternate links,
and the second set of faces may be formed by choosing the remaining faces from
the same handles in each chosen link. Therefore, each disjoint set would contain
2mq (22°72r%) = 22" lmyr? quadrilateral faces. This follows since half of the 2m;
links are chosen, where each link has 2227 handles and only two faces are chosen
from each handle. The faces in each set are mutually vertex-disjoint and each set
contains all the vertices of QgQT)EI C2m, . Therefore, P(1) holds.

Assuming P(j) is true, we will show that P(j + 1) also holds. The graph we
are considering is G’ = QgQT)D Gj+1. First, minimally embed 2m;41 copies of
G as described by P(j). Assign m;4+1 many copies one orientation and the other
mj41 copies the reverse orientation. This partition corresponds to the vertex-set
partition of Cam,,,. From each copy of G, two links are to be made, both to
copies of reverse orientation. The number of vertices of G is ri22i+jM(j), and
thus we need to pass that many edges over a link joining two copies of G with
different orientations. Therefore, the number of handles required for each link is

i (ri22i+jM(j)) since each handle carries four edges. Using P(j), we have two
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disjoint sets each of 7'22*t7=201() mutually vertex-disjoint quadrilateral faces
and thus we have a sufficient number of faces such that we can construct these
links using 722t =201 () handles, where each handle carries four edges so that
each new face formed is a quadrilateral. In this manner, the graph G’ is embedded
after constructing the 2m;41 links.

The number of faces fj4+1 in G’ is fj+1 = 2m 1 f; + f, where f denotes the
number of new faces introduced by the handles. Note that f = 4mj+1(7’i22i+j_2
M(j)) since we have 2m ;1 links, with each link requiring 712232 0 1U) handles
and the difference in the number of faces is two per handle. Therefore,

Fie1 = 2myea (P22 MO (4 i) 4 Ay (r122H 2O
= p192 I \p D (5 4 ) 4 pig2 I g G
=2 I MUY (G e 1),

This satisfies the expected number of faces as stated by P(j + 1). Next, we have
to construct the two disjoint sets of faces. The first disjoint set of faces may be
chosen by selecting opposite faces from alternate links, and the second set of faces
may be formed by choosing the remaining faces from the same handles in each
chosen link. Therefore, each disjoint set would contain 2mj (ri2%77=20()) =
221ti=1.i G+ quadrilateral faces. This follows since half of the 2s links are
chosen, where each link has r*22°t7=2/) handles and only two faces are chosen
from each handle. The faces in each set are mutually vertex-disjoint and each set
contains all the vertices of G’. Therefore, P(j + 1) follows from P(j) and since G
is bipartite by Theorem 1, we calculate the genus using Theorem 2 to get

ri92i+i p () (] + i?") 92i47 i g r(J)
4 B 2
=14 MW2HI=2,0(5 4 jp — 9),

9(QDG) =1+

O

As a direct corollary of the above result, we establish the genus of Kar2,0G;,
addressing the case when r > j which is excluded from Pisanski’s result.

Corollary 1 The genus of Kar2,0G; is given by

(Ko o,0 Gj) =1+ r22 MY (j 41 —2).

4 The Cartesian product of the 2r-cube with paths
Using Lemma 2, we can establish the genus of QEQT)D Pss as follows.

Lemma 3 The genus of QEQT)D Pas is given by

9(QP"0 Pyg) =1+ 2%~ % (2s(ir — 1) — 1).
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Proof We let G denote Q{0 P, and note that G is bipartite by Theorem 1.
We start by first embedding G’ = QEQT)EI Cas as given in Lemma 2. To obtain

G, we only need to remove 4°r" edges from G’ between a copy of QEQT) with
one orientation and another copy of reverse orientation. The only way these two
copies are connected is through 2%=2p% handles, therefore, we remove these 22 ~2y?
handles and the edges on them. The faces we have reintroduced are quadrilateral,
since the embedding of G’ is quadrilateral, producing a quadrilateral embedding
for G. The genus of G is given by,

9(QP"0O Poy) = 14 2% Lepi(ir — 1) — 22721
=142 (2s(ir — 1) — 1).
O

_Similarly to the repeated product of even cycles, we denote by M) the product
[T5—, mux and m{9) denotes > ﬁ Using Lemma 3, we establish the genus of

Q0 H;.
Theorem 5 The genus of QEQT)D H; is given by
9(QP70 Hy) =1+ 222 MWD (i 4 j — m) — 2).

Proof We let G denote QEQT)D Hj;. The proof proceeds by induction on j, where
the property P(j) is as follows: There is a quadrilateral embedding of G, with
fi= 22i+j*1riM(j)(j +ir — m(j)), including two disjoint sets of 71227270
mutually vertex-disjoint quadrilateral faces each, such that each set contains all
the r%2%7 M) vertices of G.

For j = 1, the quadrilateral embedding of ngr)D Py, is given by Lemma 3.

The number of faces f1 is given by f1 = % ‘E(QEQT)D Py, )|, and thus

~(2m1 — 1)(2%7Y) + (2ma) (2%
o 2
= 22710 (2my — 1 4 2mair)

= 2% myr! (1 +ir — 5= ) .

f1

2m,

which conforms to the number of expected faces as stated by P(1). The first
disjoint set of faces may be chosen by selecting opposite faces from alternate links,
and the second set of faces may be formed by choosing the remaining faces from
the same handles in each chosen link. Therefore, each disjoint set would contain
2my (2277 2r%) = 2%~ 1p%m, quadrilateral faces. This follows since from 2m; — 1
links, (%] are chosen, where each link has 22°~27% handles and only two faces
are chosen from each handle. The faces in each set are mutually vertex-disjoint
and each set contains all the vertices of Qz(?r)lj Poy,, , therefore, P(1) holds.
Assuming P(j) is true, we will show that P(j + 1) also holds. The graph we
are considering is G’ = QZ@T)D Hji1. First, minimally embed 2m;41 copies of
G’ as described by P(j). Assign m;4+1 many copies one orientation and the other
mj41 copies the reverse orientation. This partition corresponds to the vertex-set
partition of Pap,,,. From each copy of common orientation, except the end copy,
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of G, two links are to be made, all to copies of reverse orientation. We can construct
these links using 22t —2 ) handles, where each handle carries four edges so
that each new face formed is a quadrilateral. In this manner, the graph G’ is
embedded after constructing the 2m;1 — 1 links. 5 ~

The number of faces fj4+1 in G’ is fj+1 = 2mjt+1f; + f, where f denotes the
number of new faces introduced by the handles. Note that
f=202mj1 — 1)@ 2272 O)) since we have 2m;41 — 1 links, with each link
requiring r*2277 720 ) handles and the difference in the number of faces is two
per handle. Therefore,

firr =2m @ MO (G ir = m D)) 4 (2mya — 1) (27T M)
= pigHi D) (z’r T R Co LSS 1)
2mj1
— ri22i+jM(j+1)(Z'7“ +i+1— m(j+1))‘

This satisfies the expected number of faces as stated by P(j+1). Next, we have to
construct the two disjoint sets of faces. The first disjoint set of faces may be cho-
sen by selecting opposite faces from alternate links. The second set of faces may
be formed by choosing the remaining faces from the same handles in each cho-
sen link. Therefore, the disjoint set would contain 2 [M]Qﬂ—‘ (ri22i+j_2M(j)) =

mj41 22Hi =1yt N p(d) = 92iti—1pipr(G+1) quadrilateral faces. This follows since half
of the 2mj1 — 1 links are chosen, where each link has 722432 1) handles and
only two faces are chosen from each handle. The faces in each set are mutually
vertex-disjoint and each set contains all the vertices of G’. Therefore, P(j + 1)
follows from P(j) and since G is bipartite by Theorem 1, we calculate the genus
using Theorem 2 to get

Ti22i+jM(j)(j +ir — m(j)) 92i+7 .1 3 r(5)

4 N 2
14 ri22i+j—2M(j)(j +ir— m(j)) _ 92iti—1igr()
— 14 22i+j72riM(j)(Z~r +j— m) _ 2).

970 Hy) =1+

O

We remark that Pisanski’s result also excludes Theorem 5 since the path is not
a regular graph.
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graph of orientable genus, 6

half-edges, 17
homeomorphic, 3

incident, 1

induced, 2

induced embedding, 18
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k-colouring, 32
Klein bottle, 5

lexicographic product, 75

Mobius band, 5

maximal embedding, 7

maximum degree, 1
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minimum degree, 1
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multipartite graph, 3
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non-orientable surface, 5

optimal drawing, 10
ordinary current assignment, 19
orientable genus of a graph, 6

orientable surface, 5

partite sets, 2
path, 2

path graph, 2
planar graph, 5
plane graph, 5
projective plane, 5
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quadrilateral embedding, 8

regular, 1

rotation at a vertex v, 17
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size, 6

spanning subgraph, 2
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